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Exercises are partofthe course andthusoftheexam
n general Pleaseaskquestions

Whatthis is all about

Number theory studyof numbers like 1,43
s thereanythingto study
Conjecture1.1 Goldbach 1742

Every even integergreater than 2 is the sun of twoprimes
stillunsolved
there is a lot to study

1The sum of two squaresprostem
Question1.2 Diophantus 200BCE
which prime numbers are a sum of two squares
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led prime numbers are called pythagorean e.g
2 Itt 5 114 13 41 9



Not every prime is pythagorean e.g p 3

emma 1.3 If p 2 is pythagorean then p I mod 4

roof i ke 2142 x'C90,13Hence if pea2 52 then pEEO1,21in 124Eastcase cannothapen p 4kt2 for ke E p divisibleby2
D

what is a sufficient condition Answerlies in theGaussian integers

IET fat bi I a be Z i VI

Namely if p a't b then p att a bi factorizationquestionin EL

rop1.4 12Ei is euclidean

roof Let N Eli N X at bi a't 2 42 be the norm function

We claim that her x yaEET y IO ther is g r e EET
with e ofy tr

nd either r O or NCri aMgl
Nole
N extends in the samewaytoallof Q
N is multiplicative
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Nlr arty NCE a 1 Nff g a 1 f gk 1
lies somewhere in thecomplexplane
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diagonalof this square haslength VI
Hence ca find of e EET

with lay off c EL t I



SoECT in particular a factorialring i e anyelement a be factored

n to prime element factorizationungueuptounits

et's determine theunits and the prime
elements

emma l 5 XE EET is a unit iff NCH 1 Hence

EET't f 1 1 i i

roof Let e at bi y c tdic.EE The

1 xy I NC1 N x N y a 2 5 c'td4 a't SE I
T 27

productof
naturalnumbers

an now answer thequestion

rop1.6The following are equivalent

p is pythagorean

p is not a prime anymore i EET
J p 2 or p L mod 4

roof
a c Lenna1.3
c b n For p 2 we have 2 l i Iti reducible not a prime

For p I mod4 we'lluse a general fact
TWilson's theorem p D 1 mud p for any prime p
Proof Any x.CZpZ Fp has an inverse and this is unique
If x x t then X2 1 so 0 1121 XH x H x I or x I p 1

in FpHence in
p D I 2.3 p 4 p i

we can paireach factor Fl P 1 with its uniqueanddistinctinverse
what remains is p D 1 p D 1 in Fp



Zachto p Lmud4 ie p 4hH Mod p we have

I p H 4h 1.2 2n 2n t1 2n12 4n il 4h

1 2 2n p 2n p Znti p 2 P D
mode 2n CD2 2n 2n 2 notp

lence setting a 2n p divides Ctl Cti Cc it is ECI

3ut p doesnot divideanyof the two
factors pCa t like i

pa c 2n I p is not a prime
element in EET

b a iSuppose p is not a prime element I ZET

JET isfactorial p not irreducible p Xy will non Zero non units
i yeEEL
p K Ncp e NCHMy

3gLemma 15 Mel right 1 p Mx attS2 X at Si

p is pythagorean
a

Temarh1.7 p 2pythagorean s p I mad4 claimedbyGirard 1625J
nd Euler 4640 First proofbyEuler 1749 complicated
Dedekind 18941used EET

o okay1.8Uptomultiplicationbyunitsprimeelements T of EE J are
a D It i
b T at Ji for a 232 p prime 2 as 14 0 p Anod 4
c IT p for p 3 mod 4



Droof IT in a and b is primesinceNCT is prime andEID factoid

in c is prime Prop1.6

et Te TLEtbe an arbitraryprince Let NCI p p with primenumbersp

MIKI
THE

ITdivide pi p for some i
NCI divides Nlp p NCI p o NCI p
f NCI p I at it with a't SE p IT is either can a or b

f NCI p Mp N Ip I tf is a unit byLemma l 8 E is case
wemusthave p 3mod4sinceotherwisenot a primebyProp1.6

Corollary1.9 A primenumber pet factories in EET as follows

a If p 2 the p i Iti 2

If p Amod4 the p CatibCa ib

If p 3 mod4 the p stay prime
2t 3t2
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2 Review
Elementary number theory problem splittingof primes in TLE
Hadto establishpropertiesofZET factorialunits
othernumbertheoryproblems similar ring es KTV57 called
ringsof integersDefinition



Algebraicnumbertheory studyofsuchrings
n general not factorial e s ZEVI much more difficult butalso

much more interesting
primeidealsinsteadofprimeelement
classgroupto analyze defectofbeingfactorial
units there canbeinfinitelymany

n addition to theory wewill alsodiscusshow to
constructandcompute

b u objects algorithmically in principle

pleasedoexperimentswith a computer PARIIGPSageMagna
or justPython

2emarh1.10One can showthere are infinitely many
pythagoreanprimes

Special case ofDirichlettheorem on arithmeticprogressions proudusing

function generalitat f functions analyticnumbertheory


