
 
Ideaofthe round 2 algorithm

Suppose we can compute generators of mulp G Wethencheckwhether

mulp G G If so the Gp G and wehavefoundthe p maximacoverorder

If not thenmulp G Z G and we
are one step closer to the pmaxima

overorder Repeat this get Gpafter finitelymanysteps

Lemma5.28

radp G e p G

Proof Since radp G p6 we can consider I radPGYpg

Wethenget a chain

G I 2 I 22

Recall that GGG is an Epvectorspaceofdimension n The IJ are subspace
Hence the chaincannotbe infinite i e it mustbecomestationary

If I Ii then Ii It Kjzi Hence the chair
becomesstationary

a flu at most n steps
If TyeradioGpG there is keN sud thatJk

O cause yhapG forsome b

SinceGlpG is a f d Fp vectorspace it is a finiteset

Hence also radp 6 6 is finite so we can find a single heNsuch that

ifhepG fo all JerodpC6YpG
i e rodp 6

k
e pG Ik O Hence also

In O radp G e pG

ProofofTheorem5.27
we have Gp 2mulp G 26

If Gp G thenmulp 67 6
If Gp G we need to show that mulp G t G

Since Cop G is a powerof p by Lemma5.16 and 6 radpG J is

a powerof p so is Gp radpG Hence there is LEN with pl GperadpG



By Lemma5.28 have radp G
n
p 6 radp 6

htt
e p6

l e pLG

radp G
n Gp e plGp e radpG

Let men be minimal with radp 6
m Gp e radp G

Consider two cases

m 1 The radp G Gp c radp G so

Gp E
radp G 1radp 6 J mu p G

Since Gp G hence also mulp 67Z G

m 1 By minimalityof m andsince m 1 there is xeradp G
m t
Cp

with x radp161
We claim that XEmulp 6 LG proving that mulp6 G

First since
radp G e radp G

m
Gp e radio 6

it follows thatxemulp G
Supposethat Xe 6

We have X Z E radp G
2
Gp e radp G

T
2m 22M

Hence there is j eN witL p God
2 Ex2J

x c ra Icp GlL to choiceof X
Hence Xe G

We still have to make the round 2 algorithm
constructive

We can translateverything intolinearalgebra problems over p and I



5 7 Computing is orders

Let 6 be an order with basis 4 xn

To be able to compute in 6 we need to Seable to express sums

products and inverse again in the basis

Suns is clear
Products Liq Ecija for cijk EE but what are the c
Can do the following Everything lives in LCD and this has the standard

basis 1 L 22 Ln 1 Computingwith thisbasis iseasy
Assume we can express the q in the standard basin in practice this

is usually known Write this as rowl
into a matrix theMath Q i.e

E
Because

Li Aight I 43 Gea
happen

T in the dNow to compute 2 aj compute this in termsof d basis

and transformback using A c Matn Q

Demark5.29
Computer algerasystemsusually

writevectors in rows consider v A e.g

the headof a matrix A is f v l v A 03
We use the same convention in this course

Example5.30
Consider L L for a a root of f X3 H 2x 8

Let 6 be the order withbasis 51 L 2

h yesit'sintegral

what is w
4 we is

O



Compute in standardbasis

Wj DII Ly x 4 223 t 24
From f get 23 22 22 t 8 24 23t 2 2 82 24221 8 22782

322 t LOL t 8

So w 3 2 10 8 2 22 2 at 8 t

L 222 t Ga 8 It 32 4

Now transformback

A foo.IE nA foo9

I f 4 3 l A f 2 2 l

SO WE 2 w t 2wz t wz

Computationof inveras can bedone similarly by baseclause to stdbasis



8Computingthe p radical

Lemma5.31
If k is suchthat he pk then radpCGYpG is the kernel of the

Fp vectorspacemap Ypg GlpG X t XP

Proof Suppose XC G s t O xphepG xeradp 6 Ie radio p6
Conversely if TeradpGyp6 then In 0 since radp G e pG by
Lemma 5.28 so XPh O since phan

So to compute radp 6 do the following

Steph Choon keN Sud that nepk
Step2 Theelements In I are on tip spacebasisof GfpG

K
For eadi computeT.ph and express t basis use 56

Writethese vectors as rows into a matrix A

Step3 Compute the right kernelof A linearalgebra over p

Get aTtp TYPE basisPI Fr of KA in terms of the no
Step4 Let Pi be representatives oftheft obtainedbytakingthe rep xi of a

Then radpG pGt ESPN for TL Pee pan R Pr

Step5 write the PL panPa P a rows in a matrix A

and compute the HNFB of A
Then the non zero rows of B form a basis of radp6


