
 
Lecture11 2.12

5 9 Computing the p multiplier

Let 6 be an order will basis 2 a and let I c G be a non zero

deal withbasis yes 8h

Slept Express ead go in theq's and write this a rows intothematrix
A cMaturin El Ie

Yi Aijg go LA ij8j
CMatruh

tep2 For each k express the products qq.in the dj's and write
this as rows into the matrix typeMathe.CZ i.e

qui 2 CANijajj
he rows of Ark are linearlyindependent over E

Cilmi O th I Cixi O

Ici di 0 since8h to andwe are in an
integraldoma

ciao ti since hi linearly independent

emma 5.32

Let X 2 Xix EL Xj e anyelementof L can bewritten like this

The X c TI II if f x xn Aq A I e Z Fk

Proof Bydefinition Xe III iff XI c I

S xth e I kk

Now thx I Wi di Xi Tg Aq Lj

T.gg ExitArnlij



ICA here ti Arklij

re Iti E Ark CAYje te Iti AKA lie
e j

This is a linear combinationof the re andthese form a TL basisof I

so thxc I iff Iq Agha lie EI Kl

can vi ArnA I C E

So XI c I ith x X Ayn A l e EnKk

Note E III 26 Ei AqaA c E ki Aq A I cMatale

Step3 Set

ftp.Ayt
B

na
MateenCEI

Ior x c L expressed in theLj's we thus have

X E III iff B et e 2h2
Note that for any UEGlen Z we have

Bete E
2
ifI upset c En

Step4 Let B be th HNF of B B UB SinceAq hasfullrank seeabout

Bhas full rank as wellHence thesubmatrix C of non zero
rows of TI is

of size nxn and is invertible Now
XE LIII iff Ext e Zn

Nok that cet yt.CZ iff etc gt hence all sud x are integral linear

combinations of the rows of C Jt cMain



Step5 Let
t

p ICE x

Then
t

j ij j

B pn is a basis of III

5 10Round 2made constructive

Startingwith a knownorder6 i e basis andmultiplicationhnowye.gequators

idol we now have a constructive algorithm for finding a basis

of the national code Gc
Step1 Compute IG DCap xn
Step2 Determine the primes p wit l p l do
Step3 For eachsled p compute the p maximaloverordrGpa follows

3.0 InitializeG G
3 I compute a basisof radpG in termsof thebasisof6 using 5.6

3.2 Computes a basis of help6 Lradp61radp6 in terms of the basisof6
using 5.7

3.3 Using theHNFcheckwhether mulpGIG

If equal then Gp help6 Theorem5.27

otherwise get 61 mulp61 and repeat from 3.1

step4 Let A be thematrixwith rows thebases of theGp fur p21dg
Compute the HNF of A The non zero rows form a basisofGa

mark5.34
Completeexample in theexercises

Demark5.35
Thebottleneck in the algorithm is actually Sleep2
Zuck5.36
In Step 3 one can compute theANE modp Thisavoidslargenumbers



Remark5.37
There is a simplercriterion to decide whether an order is national

withouthaving to compute the p multiplier
theDedekind criterion proof is

elementarybuttakes a bit thusshipped
here

6Geometryofnumbers Minkowskitheory
Recall fromthe first lecture that we viewed 72Ei Z ti Z c 1R2

Thebasis vectors 1 and i define a segmentofR2withpositivevolume 1.7
spaces

i
a f ti

Vol L
Ex

O 1

We can embedanynumber field into a but if dim L 2 then G ca

s degenerate with zero volume
Minkowskitheoryconsiders L in a largerspacewhereGL has positivevolume

This is alsocalled geometryofnumbers The volume is relatedto the
discriminant
Remark6.1
The ramificationofthe morphism SpecGc Speck is another geometryofnumbers

6 1Lattices
Let be an n dimensional IR vectorspace

Def6.2
A lattice in V is a E submodule of V
R IR linearly independent vectors

thathas a senerating set of

Remark6.3
A generatingset as in thedefinition is clearly a TL basis of h

N is a freeE module dim A n dim V

Moreover any E basis of r is linearly
independent over IR



286.4
Let be a latticewithbasis y unThen

Xm t t Xnun l O E Xi E l ki c V

s calledfundamentalregion ofN Wrtthebasis

k6.5
a f 1122 v I 0 K O 1 n 2 drink lattice r

0

iiit
b V 422 v i o y L42 372 n 2 dim't lattice l

2

A

ia 9 i2 I
E

2

c V 1122 v I 0 vz IT 0

Generate a free Z submoduleof1122ofdim 2 but this is is not

a lattice in1122since rn r are linearly dependent over IR

2emark6.6

The translates Xt Kel cover all of V



6.2Lattices ineuclideanspace
Fix a scalarproduct a is on V

Def6.7
Two lattices h andN in are called isomorphic if there is
an orthogonal lineartransformation of V mapping A to N
Demark6.8
A lattice isomorphism is clearly an isomorphismof E modules

We can encode lattices as matrices in twoways seeExercise 6 l
Let r be a lattice
Let 4 v be a basis of ander enbe an orthonormal basisof V
Then

K Aije j Ao GL nCIR

Can show Exercise61 that this gives a well declinedmap

A Latticeshe GlenURYN where Iptftp.ac.cz
TEOnHR

conversely let AeGluck7
Let er en be an orthonormalbasisof andset

Vi JIAije j
Then h Z Sr rn is a lattices

This gives inverse toUt
Let it be a lattice again
Let 4 rn be a basisof A TheGrammatrixWrt thebasis is

Grim Um Lk Vjs ij CMatnIR



Since c is a scalar product Gacy un is symmetricandpositive
definite

Can show ExerciseG1 that thisgives a well definedmap

GA LatticeIn fsymmposdef Qemal.nlRB
where Q Q iff Q PQP for some
P c GLNCE

Conversely let QEMathGR besymmetricandpositivedefinite
We will show in 6.3 that there is a Clovertriangular matrix AcMatnae
such that Q AAt Choleshy decomposition
Let e en be an orthonormal basisof V

Let ri Aijej Then
rings L Aiken IAjeee AikAjeser ee

HIAikAjk AAt ij Qij
Setting hi E 9h v3412 we have Gracy un Q

Thisgives an inverse to HH


