























































































































Lecture 14 11.12

A subset C e IR is called
a centrallysymmetric if cec C KoeC

b convex if c de C EtatU Hc IOet El EC Kc dec

him6.18
Let A be a lattice Suppose CHR is convex and centrallysymmetric
andeither
a roll c 2 DCM

b roll c 2 da and C is compact

Then C contains a non zero lattice pointof N

roof iAssume a It isenough toshowthat there are distinct 4 fell
with

Ect x n Ect k 0
Namelywe then have c t X IzCz th
or some 9 SEC hence A 2Xn Xz IzCz IzCa E C where we use that
is convex andcentrallysymmetric

o suppose that all the sets Ctx xe A wouldbe pairwisedisjoint
et 0 be the fundamentaldomainof AThenalsoall the sets ofn Ect x Xen
ne pairwisedisjoint Hence

roll 0 z 2 roll4h Ect x
x eh

ranslating Ion Ectx by x gives the set IO e n IC andthishasthe

ame volume Since the ol x xel cover all of H2 andthusof Ic wehave

Vol Ic voc et xn Ic


























































































































fence 2

rod 5 rollohChetxD Ferrol H tht 4 roll's Invoked

ase b Takeanysequence En newwithEn
O EnZEntl LimE O

Vol Iten c s VolCc 2 DCM

fence by a Henk contains a non zero lattice point

X CAn Iten c An It E 7C
Since C and thus ItE C is compact the sequence xn contains a converging
SubsequenceByCor 6.17 the limit is a latticepointof 1 non zerosince

1 discrete We furthermorehave

X E A Henk C
nEN El

6 7Successiveminima
The length of a shortest nectar in h is only the first levelof interesting
information about h

Jef6.19
Let X h Se the norm of a shortest non Zero Va El

Yeh that is linearlyindepfromreLet him
indie iCN
Can alternatively definethis as

CM minf X 0 34 VienIRlinearlyindependentandHGH XKj
Weobviously have ME X A E E f A
Tre XiChi are called the successive minimaof A

emma6.20
There are linearly independent ve rue r seedthatWill XiCD for i l n

Forsuchvectors if X Ix h eh xie E then1kHzX r r r makeit ol


























































































































I
7oof
We can inductivelyfindsuchvectors

Let 1 be any non zerovector ByCor6.17
themare onlyfinitely

many
latticevectorsWwithHWH EHull Hence there is yet with 114kX Cry

Now assume rn Vi are linearly independentwith HVjH X j r for all j b i

3g definition there are µ wit linearly independent such that

IWjH E f t for all j b it l
it1

heremust be some l such that Va Vi We are linearly independent

We have 11Well EX it N
f Ilwell kit h we can take Vit Weand are done

Sosuppose11Well at it N
et r be minimalwith fr NellWells 1 rt h so rei

ten K VrWe are r l linearlyindependentvectorswith HH s Xr h f
Secondclaim X hurt ti ri is linearly independentfrom 4 rr

hence Hell r t

Recallfrom 6.6 that

WAY goin on the Hermite constant
dCM

Now we can even bound

Thm 6.21 Minkowski's secondtheorem

Xi Ac L

da
a VRT

Droof
et Va if cA be linearly independentwithHill Xia existsbyLemma6.20








































































































y
Let Q be theGram matrixof h Usingthequadraticsupplement we can

write for A tivi

11 112 04 1 Z Uh en t t ZnCn 412
where 2i i112 IR are linear in the Xi

2fine a new scale product on 112 with quadratic form
2

q I pZic

So
Hellof gal pZiCen enf

he Gram matrixQQ of this farm satisfies

defQq II derQ II IdiotXiCN
jdeTQq

et Agbethe lattice associated to QQ Then by 6.6

High hot

rata dug
HE

S we can show that X Aq 21 then it
follows that

r rII till 8 HAH Yg ENT detometrindal
provingtheclaim
For e Z x ri e l let r maeSil ti 03

Wehave
Hellof FE a Zi Hsien's a

ZiChi i412 zia 2

HKlf all tens for i r in thequadratic
c

supplementvanish

On the otherhand we know frow Lemma 6.20 that HafezSr r
What 2 I What z 1 a



q
6.8Lattice reduction
We wouldlike to find a basisof h consisting of shortvectors
The hypothetical shortestbasisbn bnwouldsatisfy llbikX.CN ti b n

However such a basisdoesnotexist in general seeExercise7.3

Theshortestpossiblebases thatdoexist are Minkowskireducedbaseswhich awe

minima of the set Bee of all basesWrt

bn bn L bi b I if KbiH Hbill Kisj and llbjlkllbj.lt
Suchbases are computablebut notefficiently

Here is what we can do more practically

Lemma6.22

If x c A with Hall X r then there is a basis f b bz bn of r

For the proof wewill use a general lemma aboutsupplementingvectors to
a basis

and for this we first needanothergeneral lemma

Lemma6.23
For anyans an E E there is Te Gh El

Sud that

a an T g O 0 whereg golfer au
Proof

By induction on n
n I isobvious
n L this comes fro extendedeuclidean algorithm NamelySefXo a X a2

In eachstepofthe algorithm we compute Xi 9i Xi t ri

Set Ui Q q Ai Go Xn A it A II ki ti i foai



Then we arrive eventually at y O

n 2 Assume there is UEGLucE with car an U Lgo ol

g godcan ant Let

Te
0

c Glut E

The
car an an TU g O O anti

Bythe n 2 case there is Y f c GLIET with
G anti Y y T ol

where

gaged 9anti god ans anti

Hence wth ii
g

the claim holds
I


