























































































































Lecture 16 18.12

emma 7.2
If L has at least one real embedding then TUC6 1 Stl
7roof
Let o L lace If LETUCG t local 1 byProp7.1 hence
ok It x It

emma 73
TU G TWGc n 6
Droof
c is clear LetLeTUCGunGThen 2k 1 for some k 0

Hence a I I e G
Ly

7.2Units am finitelygenerated
Minkowskitheory 6.4 has a multiplicative version
Denoteby log the natural logarithm Tosimplify

notationsdefine

co
I if I it r l realembeddings
2 if rtl Ei Erts non realembeddings

If he G't then rts
Ci

1 1Nu Cal II I oical It loicali c

II a cogloical crescodortscast cilostoical

hisleads to the following definition

Def7.4
The log Minkowski map is the map

jk t perts 1

mapping x c Lt to
Cilogloi all c L rts i


























































































































emma 7.5

a j't is a groupmorphismCLI IR rts
t
t

b her I TU G

T.roof
Let x B e L't Then

tog l riCap l logtoicaoCpsl log1 oik I t tog loiCRI
JA Lp jtG t j't B

x cKoojAl log tocast O ti s I a icall I ki s x cTUCG

byProp 7 I0
ConsiderGt as a Z module Note that E ELEG't linearly independent

mesas that

IIEimi I mi I fi

Drop 7G

f En n Ek eG't are linearly independent over 2 then jt q jtfq.ge Rrts
re linearly independentover IR

Joof Suppose that j't ee jken are linearlydependent over42

We need toshow that Eu yep am linearlydependent over E
blog we assume that j t q is an R linearcombinationof jt ez ft Ek
onside more generally theset E of all e eG't sad that

j t e t JA Ei for some ti ER

Set Mi round ti Lt ut l2 EE for 2 Ei Ek whereLts denotesthe


























































































































rgest integer et Then

jtcel FZ.ztijtce.ie hztitmitjtCEiI hIzmijtceis

f z ME EEE Epik The

jetty JACE t zmijtceis F.hzctitmitjtk.is

Hien E t HitGiske'zI jtce.it c

Hetty Hed Kee E c ilogIoriented ti te
dependson E

coil 2 I e fi KEE y HEMP Cjk Ras
L LjacalJAGD

In lee E c He 6111JK'll VIE io.cat
This set is finitesincejCG is a Lattice

SinceEY c E time 2 theremustbememi c E maims with

Z GM M Esme E e
exponentsdependon choiceofa

EamEth Ehmk EamEfi Epmd

kitemi mi I
c

E yeh linearlydependent

Drop77
a Gt is a finitelygenerated Z module

b 6 66 is a free E module

c Gtz TUL 6 GANG E TULG jtC6
Troof Let E En e G't be a maximal linearly independentset By2


























































































































Drop7.6 we knowthat kerts c x If E of E lez Ek the
we have

em IIsemi 1 for some M Mi C E m O
Z

t follow that E is contained in theset E fromtheproof ofProp 7.6
hisset was finite soG'tI E fEz eh is a finite set soG't is a
finitelygenerated E module Now b and c followdirectly fromthestructure

f f g E modules Thm3.66Lemma3.671a
we still need to determine thedimensionof the freepart of GA

7.3Freerankof theunitgroup
Lemma 7.8
Suppose that Er en e GA herts 1 satisfy

Ioi kill I and IOj kills 1 fit j
Then E EpCG't are linearly independent

Ioof
Consider the matrix

A Cjlog1of Ei 1 it h EMathews is R
j L rts 1

We will show that A has full rank ie rk A k
By assumption
Aoi Ci log toice I sci log 1 0 tri Hii I Aoi ki

Ai j cjloglojk.sk Cilog 1 0 Kit j IAijl Aij kit j
NCE1 1sinceEIor each i we have is a unit
to

g loglogce.dklog II Iojce.IT LogINU kill log1 0

f t












































































lance

I Ai il Ai CilogtoiceisI

CilogIoi kill t Crtsloglorts kill
0 byass

A is strictly

Cjlogto kill Aaj IA.gl
diagonallydomina

DenotebyAj the j thcolumnof A and suppose

tjAj 0 Ej EIR not all zero

Let l be such that Hel is maximalamong It l Ith l Then

k k
tj0 2 tjAeg te Aee t E teAej

j I j e

k k t j k I t j l
Aee I IIeAg Heel I teAlif E Z Ie Hejl

j I I j l
j te Jth j te E I

k rts I
To propertyof A

E Z IAgl s I I Al j I I proven aborej L je I
j te j te

D


