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Seca4 fromProp5.21 that if PER is a non zero primeideal therPn I p for
primenumber p wesaythat P is lying over p

emma8.25
f P is lyingover p thenNCP pkforsome k E n dim
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roof WehavePREP ER P NCD divides R pRI

QPR is an Fp ElpE vectorspace and fromProp5.21
meknowthat dinpRpR E n
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hefollowing is veryimportant

emma8.26
n every non zero ideal IER there is an element Otw c I with
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TroofiAs in Exercise7.1 fo LER o considertheset
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lNu wit e n n Y
One can compute that

vol Ex Ings j
Let h JCI e IR't a lattice with dcjCID dcjcnll.IR I VIDINII
choose Yn

n Isdull
Then

volley E 2nd A
knee byMinkowski's theorem Thm 6.181 there is a non zero wet withjlwlee

3g above we have
1Nu Cullen I 1 din h vida MII
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rop8.27
Every idealclassof R has a representative I ER such that NCI E M

roof
Let 2 be a non zerofractional ideal There exists Otr cRsuch that C if e R

ByLemma 8.26 there is 0 WEC withNcdMa z 1No w l
Since WE C W e C C 1Cw i.e 3 an ideal I ER with IC w

seeExercise10.1 Now
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Mis lNu w l Ncd l N Cws Nlc Y N Cw C Y NCI

we have
I c R NCI sM I WE w r ly

I LmodPR ie I L inCCR
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Let IER be a non zero idealwith factorization I P Pir Then
r

NCI ftp.kioi
i i

where NCP phi see Lemma8.25 If NCI Me then

ftp.fiui eMo
i

e nee there can only be finitelymanysuch
I Prop 8.27 thus implies

Thm8.28
The class groupCLR is finite a

remark8.29
Theabovealsogivesan ideahow to computeCCR

1 Compute theMinhowiki boundM and find all primes R Pr E M

2 Determine the prime idealsPiJof R lying
abovethe Pi i e facton2e p R only

finitelymany ideals

3 Determine all products including powers of thePig whose norm is aMe This
willgive representativesof all elementsofClp

4Find the relations betweenthe representatives this is essentially abouttesting if
ideals are principal namely

ideals I I R are equal inClp II LR for some trek

Since Id l is a fractional ideal there is re12161sled that I If C e

Ther
I f in CCR C R R for some trek

Since C c R y raGR so

I L in Clr S C for some j C R
The following lemmahelps to testthis



Lemma8,30
An ideal CER isprincipal iff there is j c C Sud that Nld LNc CHI

Proof If G r the NCC IN g byLeonma 8.23 Conversely assume that

jcc with NC INL Gsl Since G c C C lCH hencethere is

an ideal C w th C CH d
8.23

In G I NCC NCcastNCd INa CHINGY ER c if Ncd L

C R G G
hecondition IN g I NCC willbesomeDiophantineequationwhich can bedifficult
checkforsolvability but there are effectivealgorithms

Xercise 10.3 has some verysimpleexamplesofclassgroups
nobasicproblems
understandhowprime numbersplit intoprime ideals in R

find relations

8.4Ramificationtheory
To have some fun we consider a more generalsituationagain R is a

Dedekinddomain with fraction field K L K is a finite separable
extension and S is the integralclosureof R in S Standard application
will be12 2 L a numberfield S GL

Lemma8.31
S is a Dedekinddomain and Snk R
3roof
S is integrally closed by Lemma 3.31 ByThin 3.47 S is

a finitelygenerated

R module hence Noetheriansince R is noetherian If Ot QeSpecs then

Qr R P CSpecR since QnR E CQ where 4 R S is the inclusion

Since R E S is finite RIp e Sla is finite Since R one dimensional RIP

is a field so She is an integraldomainwhirl is a finite dimensional
algebra over a field SIG is a fieldby sub claim in proofofProp5.2k
Q maximal S one dimensional



Elements of Snk are integral over R and contained in K contained in R

since R is integrallyclosed a

remark8.32
In general it isnot true that S is a freeR module This holds forexample
if S is a PID seeThm3.68

emma 8.33
For Of PeSpeeR and Q cSpecs the following are equivalent
a P e Q b Q IPS c D Q n R
n this case we say that Q is lying over P

roof a b is Exercise 10 la If Pe Q then Pe QnR Since QnRCSpecs
musthave P QnR since R one dimensional If P Q n R clearly Pe Q
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