
 
Lecture 21 20.1

emma 8.34

If PESpeck then PS t S
roof Can assume Pto Since Pt P2 there is I CPIP ThenCT a P PlGT

it P I for an idea I with P X I P t I R by nationalityof p
Can write A b tr for somebeP r c I rep and rP e IP EI
f PS S then RS RPS c ITS r Tx for someXES Since e c Q R K

o ke f n k R Lemma8.33 r IX e P L a
corollary8.35

f p Speak then
PS II

or unique prime ideals Qi CSpecs unique r 0 and ei 0

3gLemma8.32the Qi are precisely theprime ideals lying
over P

in particular over eachprime ideal of P there is a primeideal of S
nd there are only finitelymanysuchprime ideals

The picture is
specS Q QrQ

surjective

SpecR QnR
P

his picture is actually true for any finiteringextension But ingeneral
we

can't saymuch
abouthow many primes are lying over a prime

andhow big they

are For Dedekinddomainsthere is a beautifulrelation



Sef8.36
Let
ps

Tre exponent ei is called the ramification index
Thedimension Since Res is finite RIP C SIQi is finite

f i SIQi RIP It iscalled a residuefieldextension
s called the inertia degree
hm8.37
For anyPespecR the following

fundamentalequation holds

Eyeite n dimKL
roof ChineseRemainderTheoremgives

4ps II 4Q.fi
Set k RIP If we can show that

chimps81ps n and dimhslQ.fi e i ti ki
here we are done
First part let we wm be such that Ten Tom cHps is an Rlp basis
Wewillshow that we Wm is a K basisof L m n

Suppose uh Wm would be linearly dependent over K Then they are alsolinearly
dependent over R so a w t t amWm 0 for some ai e R not all Zero
et I ar iam c R Recallfrom Lemma8.14 that I 9 IP ApplyingC 1

yields I II P recallthatevery non zero ideal is
invertible Hence there is

a c I I with a I P Since a c I a IER a ai e R fi

Since a I P a IIP not all aai ane contained in P
Hence when reducing a Wn t t amWm O mod P we get a relation

ATWI t tamTom O E 51psi



of all at 0 Contradiction to cot Tombeing a basis Hencewe won a n

linearly independent over K
Stillneed toshow that we winspan L fet U R Ewa n wmZ andN SIM
as R module WehaveMlp RIP Sw win3 81ps hence S Mt PS

hence
N She PS µ DShe PN

Since S is a finitely generated R module so is N Let 4 is be a generating

ystem The N PN implies
X c TfAij Lj for some a j CP

et A c aig Is A La is It O
O adj A A Ca asst done It d delCA
IN O d se M R Swe iwm3

ke ai j eP bij Iet AmodD C 1 s to detCA to

S e R EF WE L K Iwas wml
e have now proven that drink9ps h

Secondpart Needtoshow that dimhslQ.fi e i ti We have a chain

slain Z Qilaec Z QEIQ.ec I zQi I 0

ofHp vectorspaces In theproof ofProp8.24we haveshown that
dimqq.Q.itqjti 1 Kj

e

dinpasta i ee dimnslai ei ti a
observe thesmallerthe inertiadegree the more P splits intodifferentprimes
We introduce some terminology to describehow

0 splits inS



Jef8.38
With notation as abore P iscalled
non split if r I
split if r I
totallysplit if r n e i I ti ki
Qi is called
anramifiedCoverP if ei 1 and the residue fieldextension RIP S o
is separable theLatter is alwaystrue for numberfieldssince Rip is finite
ramified if notunramified
P is called
unramified if all Qi unramified
ramifiedif not anramified
totallyramified if a ramification index isequal to n
inert nonsplitand anramified Ps isprime

Questions Howdo we computethe factorizationofPS intoprime ideals
Howdo we find theprimes whichare tenramified inertetc

5Geometricinterlude
Let k be a commutativeringand let I c bike Xn be an ideal
For a k algebra R define

2ILR X xn en a R l f x 0 HE I ER
he 2er setof I over R Let A talk KYI
Any XE ZI R defines a k algebramorphism y A R f ft
this isthemorphism inducedbyXi ti

conversely any k algebramorphism 4 A R defines a zeroXy ieEu 40THof
wethushave a naturalbijection

2 I R e HomhAc A R

Nowconsider the case where R K is a field Any k algebramorphism



4 A K defines a prime ideal Pie he O of A with
Q Alpe K
fieldoffractions
of A1the

different morphisms 6 A K y A K can definethe sameprimeideal
namely if there is a diagram

K
il

k k
r n

le 41
A

consider equivalence relation on WHomh A K
Kak
field

conversely any primeideaC P of A
definessuch a classby

4p A AlP Q HP

unmary Fieldvaluedsolutionsof I E primeidealsof A
This is the beginningof algebraicgeometry


