























































































































ectune26 52
et Q cSpecs lie above P cSpecR We have theresiduefieldextension

kCP Rfp c Sla KCQ1

very cGo induces an automorphism E i kCQ HQ fixing k P hence
I C Galhcp h Q

Drop854
recallGalois normal separable

Theextension k P ch Q is normal and

GQ Galka KCQD
is a surjectivegroupmorphism

roof ByProp8.53 the inertdegofQAQ over P is I ve K P k QGQ

We can thus assume wlog that LGQ K i.e Ga G Let E ek Q
We need to show that theminimalpolynomialµ of over KP splits into
linear factors normality Let 0 c S be a representativeof 0 and let
Yobe theminimal polynomialof Q over K Note that yo cREX since O
ulegal over 5 Clearly E is a zoo of Foo Ek Etf so pE divides to
Since Ka L is Galois it is normal hence yo splits into linear factors
eine PE splits into linear factors as well KP Ch Q is normal

et h P chser be the maximal separablesubextensionof HP ckcQ1
Ten Galgyp HEP Gath HQ fact fromGaloistheory

et E be a primitiveelement for h P over K P existsbyThn 2.23

X E E G alpepCh Qi Then FE is a root of foe and thusof
ence there is a root 0 of to shed that F o_0 Now O is a

conjugateof 0 hence there is o c Gala 4 with O so

of EE It followsthat G inducesautomorphismof h Q so o cGa
Moreover or maps to E under Ga Gath HQ


























































































































ef 8,55
The kernel Ice of Gq Gaga KCQD is called the inertiagroup
of Q over R The fired field LIa is called inertiafield

rop8,56
The extension LGQc LIQ is normal and
Galera LIQ Galhcp h Q Gallia L IQ

If h P ch04 is separable the

IIa I EL LIQ e Gce Ia LIK LGoif f
Moreover

1 Theramification indexof Qin s as is e and the

inertia index is 1
21The ramification indexof QIQ in SGQ c SIE is 1 and the
inertia degree is 1

e Y
Ee

f l
Goe

r I
k

sroof
Since Ice is a normal subgroupof Ga it is a kernel theextension

Kc LIQ is normal byGaloistheory Thenclearly also GQ EQ
is normal HenceCbgGalois theory

Galena LIQ Goy a Galpep HQ


































































Moreover Gal
a
CLI Ia by Galois theory

Since h P ch Q is normalbyPrep8.54and separable5g assumption
it is Galois Hence

f a Mp3 Gawp HQ I EGa Ia
We have

1GI EL VB e f EGGa e Ga Ice EGGod e EG Ice
Iat e

Itb2 Consider LIQ c 2 ByProp8.54 we have

Gale 4 a Gatharea
h QD

By above Gal 4 Ice But this is the kernelof

GQ Gagepg HQ Hence the able mapsends everything to 1

As it is surjective we conclude Gath HQ I

k Otta L Q

inertia degree of Q in SH c S is 1

The claims now follow from the fundamental equation andDrop8.53

8.9Ramification in quadraticextensions

et d Q1 besquarefreeand let L VI UsingDedekind'sTheorem8.42
we can completely describe how primenumbers behave in G
ince n EL QJ 2 only three cases can occur by the fundamental
equation
Ip is totally split i r 2 e f I

p is inert r l e L f 2
p is Eotally ramified r L e 2 f L



et's see whenwhich case happens Let 0 Td
Tecall from Exercise 2.4 that 6 ELLI where

x if D 2,3mod 4
2 It if D I mod 4

Kwei
do

4d if D 2,3 mod 4

d if D I mod 4

Def8,57
The Legendresymbol for a cN and an odd prime is

g
1 if there is with tha mod p and p ta
1 if there is no such
O i f p k a

hm8.57
If p is odd then

pi In it E Ito

f p is en ther

p is

f Id i I EmiD I mod8

roof I if D 2,3mod4
Let p be odd Note that Gc dao3 12 if D I mod4



ince p odd we thushave p k Gc drees and we can apply
Tim8.42 Theminimal poly of 0 is y R2 d and the claim
follows immediately
Now let p 2
Suppose D 2,3mod 4 Then Gc E 3 1 so we can apply Th n8.42

We have D 0 I mod 2 so

Y X 2 mod 2 or y X 2 1 04112mod 2

fence 2 is ramified
Suppose D I mod 4 Since Gccdz 3 2 cannot applyThem8.42
with Q Used instead Theminimal polynomial of e is

f R2 Xt

f D I mod 8 this factors as 112th Nxt 1 mod 2 so

2 is split It D 5mod 8 the Y R2 t Xt l mod 2 which is
reducible hence 2 is inert


