











































































































Lecture4,64
Lemma2.42 If Kal is separable and has a basisof the form
1 0 Q e.g if L KC01 the

dual4G non I ftp.coi O jk to

where Oi re Q and so are the K morphisms L R R2 K algebraically
closed

Proof
dinette 0 I def coiled

2

det foin
2

vandermonde

I i Og
2

icy a

Cor 2.43The braceform of a finite separable extension is always
non degenerate

Proof L UCO by primitiveelementtheorem
a














































































































3 Ring of integers
3.1 Integral elements

Motivation Since c Ci is finite it is algebraic hence ever see Cig

is a root of a monic polynomial fee Ets
How can we characterize Ili a QE

Lemma3 I IET consistspreciselyoftheelement xc Cilwhich are a rootof
a monic polynomial f.CZEX
Proof Let a atSi eEET i.e a be Ther f is a rootof

ZTX of X't ch t d C Za d a2tb2

Converselylet a atbi E i and Kal 0 for some f cZEKI
It followsfromGauss'sLemna thatevery monk factorof f in ED

alsolies in IT p e I

µ is of degree 2 dam lil If deg g I a a c E

If degy 2 then Ya X't ch td c de E

Pala O at ib 2 t c at its t D O

ar b t ca td t 2abtbc i O

al b't ca td O and 2abtbe 0

I
225D arts beat c 0

41 4a2 452 1242t 242 If b O x c Z Y
EE TE So5 0 c 2a 2a c I
2b 2 c I 25c Z CbCQ

Now 294 242 44 0 mod4 Za 202 0 mod4
4a2 4n a2 an a c E caCQ

a



This brings us tothefollowingdefinition
formutative

Jeff Let R c S be an extensionof ringsAn element ref is inLegal
over R if f x for some monic fares The integralclosure of R
n f is

printS f des f integral over Rl
The extension Res is integral if each S is integral over R

i e S Rint S

Example 3

a KE L a fieldextensionThen integral algebraic

51 every R is integralover R so R pints

c g
int E byGaussLemma

d zint lil Eli by Lemma3
e Becareful HII e VE is integral over 2 it is a

Zero of
f R2 X t I C EL X

HII HII I tuft
22415 4

4

t O

t is thus not so obvioushow Rint's looks like Let's prove
some

generalfacts
Wewill shortlysee thatpints is a ring
It's best to view this in termsofmodules



3.2Modules review

Let R be a commutativering Vectorspace overR
3.4Jef AnR module is an abeliangroup V t equipped with

an actor R xV V of R sad that
r Vtv r v t r v
r t r't v e r r t r r

r r't V r r r I

Ee 5
1 r

a K a field then K module K vectorspace
b A an abelian group A a E module

h a at a t ta

n times

c R is an R module r r ie rr acts on itself

d If R c S is a ring extension S is a R module r s rs

e V a KEK modulemeans V Kvectorspaceand X
actsby an

endomorphism.ft
VI 3Xv

36
Jef A subset
U c V is a submodule if rue w tu ell Ustakeunderthe ada

Ex 7

a K a field submodule subspace

b I cR ideal submoduleof R
38

Tef UcV a subset There is a uniquesmallest
submoduleof V

containingU namely

RU m.e.ie
riUi trick Hell I Ike

UCU finiteRlinearcombinationofeltsofU
h



f
his is the submodule generatedbyU

Def An R module V is finitelygenerated if V R U for a finite
set UcV

Ex
a For K vectorspaces finitelygenerated finite

dimensional

b R as an R module is finitelygenerated R R I

c Every ideal in KH is a finiteIg
senerated KIN module it

is generatedby a singleelement

YY f Y4YWARNINGN 144441
Submodulesof fg modulesdonot

havetobe finitelygenerated

Et
Tet R KEK K K infinitelymany

variables

Then R is a fg R module by Ex
3.10

BUT I xn K X c R is an ideal which isnot

finitely generated
3.12

Jef An R algebra is a ring A which is also an A module

such that
r aal ra at a Cra KrER a a cA

Ipi a a a IR
Ex

3

a The polynomial ringRED is an R algebra
b R E S a ringextension S is an R algebra



c Every n'ng R is a E algebra n r rter
ntimes

Jef A subalgebra of A is a subingU which is also an R
submodule

Unaturally an R algebra
3.15

Jef A a R algebra U c AsubsetThen

R U f At finiteR linearcombinationsof
A c A subalgebra productsof finitelymany elkofU
UCA

s thesubalgebrageneratedby U

Sef A is called finitelygenerated as R algebraofA REDKr
Ufnice

317
Remark A fg as Rmodule fg asR algebraNot conversely
polynomialn'ngVED is fg as K algebrabut not as

K module

3.18
Ex i is a E algebra Then IET subalgebra generatedby Sil

Nole the E algebra EET is a finitely
generated I no 9

3.3 Inlegal elements from a ring

Thm R eS a ringextension x ES TFAE

a x is integral over R

b RED c S is a finitelygenerated R module

c Thereis an R subalgebra S of S with a cS and S finitely
generated R module

Doof
a b let f X t rn th t t roeREAwith flat O

I IIorix i e R I 1,4 an I c S RED Rafta xnY



b a f SEES
c sa S RExn 43 diES
Since a c S and S a ring Hi E S ti

Since 81 1214 an have

Hi Ig ri j a j ri j eR

Lef M Cr i cMathCR II E S1
consider 81 as an RED module with A actingbymultiplication

by a so Ks as Xv LEE II
Then X In M v O

matrix overREM

Multiply withtheadjugatemaha
u det XIN MI O

f cRED
f X j O ki

monic polynomial

Since 81 1254 43 f s O ties f 1 0

Hence writing f a ri ti n O f 1 2 ri ai

n a integral
I

3.20
Corollary If 4 x c S are inlead over R the RQ his c S is

a fig R module
Proof Byi'duLion on n n 1 is the.eu3.19
n 1 Let S REnn kn By ink ha fs R modal
Ln integral over R integral over S IR



s S Em is a fg S module
Since 51 finite our R s S finite our R a

Corollary Rintis is an R subalgebra off
proof Leta x'cRint's R6,27 as fs R moduleby

rL
co X at L 24 contained in an R subdgof S that

is fg
Ltd xx ra integral Say Thu 3.19

a

Def3.22 If L is a number field the GL Z'htt is calledthe

ringof integers in L


