
 
Lecture 7 I8.11

3 68

Thm R a principalidealdomainL a finite separable extensionof K QCR

S Rintie Thenevery finitelygeneratedS
submodule Vto of L is free

as an R module and dimpV dinKL
This applies in particular to S andanyidealofS

Proof
R a PID R integrally closedbyExercise 3.2 CR factorial

can thusapplyThus 3.47 S is a f g R module

V a f g R module
V a free R module byThm3.66since VeL and L

torsion freeRmake

Remains to proveclaimaboutdimension

Lef KR IB Bn3 Since Ve L and Q S L there is

sesh03 sit Spies Hi sV e S

In the proofofThin3.47we have seen that
there is a K basis

San an of L with di ES shed that deedbasis

R Sa 2.3 a SE R 94 dnt

SV S e R Sdi a 3

SV is a finitelygenerated R module it is torsion free since a

submoduleof L SV is a free R module

Since she V same fur V

By above dimpv chimpsV e n dinKL



Recall KR Spr Bnl
Let j sad that Pj 0 Since V is

an S nodule xie S andPj c V

Bjai e V ki
Since the K an linearly independent over R

and Pj to so is 9Pjde Pjan
ne dimple

dampV n dim ul
369

Cor L a number fieldThenGL andany ideal
in6L is a free

Z module of dimension dim L
3 70

Jef A E basis of G is called an integralbasisL

Gaal Findsuch a basis

Need some tools to workwith freemodules andbases

Let Vbe a fg free Rmodule Ra PD Fix a basis94 rm of V

If U e V is a submodule U free Choose a basis Shee un3

Can represent U bythe matrix AellatmanCR of the embedding
U s V in the bases
Depends on choice of basisof U of course
But can transform A to a canonical form allows us e.g for U U e V

to test for equality Utd inclusion Usul computeUthe etc



4 HermiteandSmithnormal form

Let R be a PID Let us fix
P a completesetof non associates of R i.e a set of representativesof
r n r l r ur for someunit UGR

PG foreachreR a complete setof residues modular RER i e a set of
representatives ofRIG
4I
x In 12 2 we always chooseP Ezo PG 1 90,1 Ir I I

f R K is a field choose10 50,13 Pcr1 903 fr
4.2
Jef Ada CMatmencR is in Homile normalformCHNFI if A 0 or if
Ato and there is r hereon such that

I row.CA 0V lEier rowiCA1 0kizrtc

2 there is a sequence henna nah nr Em shed that fur eat

i leier

a ai j O V jani
b aim C Pls 03
4 aja E Plain

So A looks like
Nr Nr Nz Nr
t d b d

0 O aan t A t A aan t A aan k A
O O O k AAzn It A Azn A A

q go
o

8 8 4 0 oa.sn t A au t A

o I nrt t0 O O O O O 0 O
i i i i ito o O 0 O O



4.3
Et

z
cMatzCE is in HNF

4.4
Demark If R K is a field theHN F is the

reduced row echelon form

Thm Forany AeMatmenCR
there is theGL CR seedthat UA is inHNFM

The HN F of A is uniquelydetermined

We illustrate how toget theHNf in an example It willbeclearthat this

worksgenerally provesexistenceofHNF Weskiptheproofofuniqueness butit's
elementary
Ex 4.6 is non zero otherwiseexchangerows first

P f

A 0
wanttomakethis

5.840 I
Let g god b p andwrite g xp t yb

Consi de
U Ig Ipg

n detU Fg tyg I

Uc GL R

Apply this to A i e replace

rowe A X rowe A t y rowzCA
r ow CA Egrowe A frow A

This will kill b
In the example gcd4,61 2 l 4 t l 6 U f

t

2 l 5 2
3 2

O
04 1,9 I J g d 2,83 2 1.2 to so

n a fi 7
O



to IT gold9 21 1 1019 t 9C21

o o 7 U 1a

0
too

e winnersNow condition 2 a holds But 25 not
can do this with

µ lo
5

20 to go 1232
thisneedsto se in PC561 90 553

O O O 56

ca do this witty fo
n LEE I

nee io oNow 2b hold as well Remains2C
can do thiswith

µ too

n I 2 This is the HNF of A



2emark Coefficientsduringthecomputation can getextremelyLarge
There is an exampleof a 20 20 integermatrixwith entries in 90 103
sad that in computationof the HNF integerwithup to 1.500digits
arise
There is a modular version of the algorithmwhichavoidssuchproblems

Can similarlydefineANF using lowertriangular
matrices

get this big columnoperations A U
Combining the two we can produce

4.8Tim A ai j cMatmen R Then
there are UEGLm R VEG CRIsuck

that
UAV for

whereDr diag Sr Sr will sit 0 fi and so I sit Ki The si
are uniquely determined and are calledtheelementarydivisors The

matrix UAV is called the Smith normal form of A

Again we illustratethis by an example

A 46g 9,4 I f gold271 1 1.1 to 27

Apply µ I as column operations

ri Of 3
8add 211 1 it to 2

apply V ft 9

me neo



Now chap Collins

n ol Q Oo The Smithnormalturnof A
0 O 56 0 Elementary divisors of A

Can provefantastictheorems withthis

Thin Let V be a finitely generated R module
kTher RmOt Rkpiii

foruniquely determined meal primeelements pi anduniquely
determined m c N

Proof
Let 9k 47begeneratorsof V Let ee en bethestandardbasis
vectorsof R Then R V ee t ri is a surjectivemorphism

VERYKool
Kerol is a submoduleof a freemodule thus freebyThm 36.6 RMD
Let f a to be a basisof Kool Let Abe the matrix of Kerol Rn
in the basesByThin4.8 we can changebases so that

A Def Oo Smith normal form

Let Dr S Sr Then it is immediately clear

theRykerlo e RUMA Forks to
r
Rhos

f t d j

ItoRksj OtRm m n r

Now write g pjam pjrnjniw.tlpairwisedistinct primes Pch



Chinese remainder theorem
n j

RKsj e Rhpgrin
k L

Now sum all these decompositions Done
0

of finitely generatedabeliangroups R
Z

Gr Classification

Another reallyusefulfact
4It

Cor Let V be a Lg free Z module and Ue V a submoduleof
the same rankThen Yu is finite and

V B Yu1 1det AH whee A is thematrix of
U V in somebasesofH
and V

Foo n

By mith normal form there ane U
V s t UAV Dro Smithnormal

form Dr digCsn Sr
Then

Yu IE si I Yul II si
Also since U VEGHZ i def U de1 r t l so

IdelCAH IchHUIdeHAIdelCHI Hsiit


