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Exercise 1. Let L be a number field.
(a) For λ ∈ R>0 let
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Show that vol(Eλ) = 2rπs
n! λ

n.
(b) Show that if j(ω) ∈ Eλ, then

∑n
i=1 |σi(ω)| ≤ λ and |NL|Q(ω)| ≤ n−nλ−n.1

(c) Deduce that for any non-zero ideal I of OL there is a non-zero ω ∈ I with

|NL|Q(ω)| ≤ML[OL : I] ,

where
ML := n!
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(d) Deduce that
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and that
|dL| > 1 .

Exercise 2. Determine the density of the Minkowski lattice of the maximal
order of the number fields Q(i), Q(

√
2), Q(ζ3) and compare this to the maximal

density of lattices in R2.

Exercise 3. Consider the lattice Λ ⊂ R5 with basis given by the rows of the
matrix

A :=


2 0 0 0 0
0 2 0 0 0
0 0 2 0 0
0 0 0 2 0
1 1 1 1 1


(a) Find all lattice points x ∈ Λ with ||x||2 ≤ 4.
(b) Determine the successive minima of Λ.
(c) Show that Λ has no basis b1, . . . , b5 with ||bi|| = λi(Λ) for all i = 1, . . . , 5.

1For the second inequality use the inequality between geometric and arithmetic mean.


