
 
Lecture12 4.121

Sef6.9
The discriminantof a lattice his

d N detGrin rn

This is independent of the choiceof basis since basechangematrix has
determinant I

If A is the matrixof A Wrt some bases then
Vol O l Det AI this is basicallythedefinitionof volume

Moreover Gq A At
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63QuadraticsupplementandCholeskydecomposition
Rememberthe following fromschool
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completingthesquare

here is a matrix version of this
emma 6.10
Let QeMathCIR besymmetricandpositivedefinite Thenthere is an upper

triangular cMataUrlgudthat n

k Qet c kit
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OT is calledthequadraticsupplementof Q
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Focussing on X
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Now complete thesquare
Qu to sinceQ
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Qin e t EFffg t EE for a smaller
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Remark6.11
TheproofofLemma yields an algorithm seeExercise6.2

Corollary6.12
For any symmetric positive

definitematrix QEMatnaR there is

a lower triangular matrix A cMatch2 with Q AAt
choleskydecomposition

Proof
Let 0T be the quadraticsupplementof Q
Set Aoi Vote and A iji VTTQ.fi it j
Nowsimplycompute Exercise 6.3
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64Minkowski theory

Let L be a numberfield n din L Recall from lemma 2.21 that
there are precisely in distinct morphisms

L s all injectiveof course

Someof these land in IR EG real embeddings We will always
stick to the followingconvention one or denote the real embeddings

the remainingembeddings come in pairs 0,5 and are denoted

rt I 1 It 21 2Orts Its H 0TH or 2g Orts

Let La It We then have an embedding

jL L Er 25 as vectorspaces

mapping 2 to oddEi
We have rts

je eKb je da I oikloicxT IZ.oicxft2E.fiCalories
rts

Egoist 224Reo ca t ImoCx 2

TH

Let's get real Let

4,2 IR callthis theMinkowskispaceassociated to L

Consider themap

j Jyp L LIR
mapping a c L to

x orCH VIReorticalVIImorthat VIReortsCH VIImortsCx C4,2

This is an injective Q vector spacemap Let'scall it Minkowskimap



Withrespect to thestandard solar product wehave

JcRk JuddD CJeahh k da an

This explainsthe VI in thedefinitionof je
Def6.13
For a cL call IG L j da Jda the I norm of x

lt's stupid terminologysincethis is not a norm
wouldneedto take F

Tim6.14

Let 6cL be an orderand let Ie G Se a non zeroideal

Then je Ile IR is a lattice and

d jet G I

We call jdI the Minkowski Lattre associated to I
Proof
RecallfromLemma5.23 that I 6 are free Z modulesof dimensionn
Let 4 Ku be a basisof I Since je is a line map JLI is generated
as a Z moduleby jdk juku Let A o Cq i j Then

ByLemma2.41Lemma2.42 2.7 we have
det hf ddxn.mn G I do to

Moveover

jail Nap L ja akil je D ZOhki okkjT E if
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jd II is a lattice



Also
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Corollary 6.15

JIGc a 112 is a Latticewith dljda D Vidal
a

Lemma 6.16
For LEG we have

Nc Calf f LjCal jcm
and

n ja ja Gto

Proof
We have 2 n

Innocent can

lNu Dl is thegeometricmeanof thefactors

This is the arithmetic mean of thefactor which is
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