
 
Lecture 15 16.12

Lemma6.24
Let M be a free Z modulewithbasis b bn Let e FEalibi

Let ie ft in If god ai an 1 the bn bi c X can besupplementedto

a basisof M
7oof
Let g gcd ai an l By lemma6.20there is

I c Glen E sadthat

Cai an T 1,0 0

let

fin oo

Then
0 T.ge

EGLnCEj

bn but F bas bi X t t A

This is a basissince
bn bn is abasisand
FeGln Z

0

Now We can comeback to

Proofof Lemma6.22
Let be b be a basisof N Let 0 X Ix cbe c A be a shortestrector

i e hell X r Let g gcd xn H If g 1 thenGLX eh But this is

shorterthanX sotf Wemust thereforhaveg 1 Now it
followsfrom

Lemma6.24that x can besupplemented to a basis.gg

This justmakes one basisvectorshorthowever even though
as short as possible

Onestarting point to make more vectorsshort is Gram Schmidtorthogonalizatio



Let b b be a basisof A PerformGam Schmidt
bet b

b't bi IzYij bj't with Yij
bybj Gso coefficients

The bat but is an orthogonal basisof IR
Lemma6.25

11billellbill ti and da E IIillbill Hadamard inequality
with equality iff the bi are pairwiseorthogonal

Proof ByGram Schmidt there is Q c GHQ det Q I with

bit bi Q Ki

We have
bi bit t Ij YjSj

So

Ikill Abitt Yij It 114th t EKijhlbuilt a BillEsincethe K Oiththebi'srectirs are
orthogonal Gneorthogonal

Moreover

date detksisfsi.si CdebQTdetCcsfsftD I.IHsIh
7 1 a

Nolethat the Hadamard inequality relatesshortnessof basis to orthogonality
is general bet N becausethe pigwon'tbeintegral

But we can do an integral Gso whichinsteadof computingbitreplacesb by
bi Tpiajbj with certainageE by repeating

thefollowing

Assumethere is lsi with Ifijl E E Kla j cu initially l i soemptycondition

Then replacebe bybi roundpie be
h l



ud a replacementmodifies theGSOcoefficients andshortensbi
he Yi j fo j l are notmodifiedbecausebj is orthogonal to be
or laj.fi e is replacedbypie round µD so the new GSOcoefficients satisfy

vi it E t t l k j ai

By repealingthis process one obtain
a basisbe 3 of 1 suchthat

Yijl et k j ai Such a basis is
called size reduced and theprocess

s called size reduction

enstraLensbra andLovato LLC observed in1982that combinedwith a
Wappingofbasisvectors one can efficiently compute a basis ofthefollowingtype

Jef6.27
A basss bn bn of a lattice A is S LLL reduced for a real parameter

14 Scl if
a thebasis is size reduced ci.elpi.gl EYz ki j

b d pit i1114412 Ell bitter ki LLLcondition

asioalgorithm to turn a basisb b of 1 into an 42 basis
1 Size reduce thebasis

2 If there is i for whichtheLLLconditiondoes nothold i e

S fit 11lbI112 Abit112 the swap bi
and biH and goback to 1

is clear that if this terminates thebasis is ILL reduced
he can showthat it indeed terminates

f thebasis is 4L reduced then as Ki a let me have

Itboth2 e x Ilbit112 a
g y

le s for 5 314wehave a 2



so by repeatedapplication
115TH ex IIbill's an Hbntp

Since b bit it followsthat
1lbHe d minkbill's In kx.cm

Move generally

Lemma6.29

It be bn is 4L reducedthen 11bill e al k Xia Ki

Proof
fee exercises

Hence the lengthsof the vectors of an LLL
reducedbasis are nottoo far

from the successive minima in a precise sense



7Units
Let L be a number fieldTheunitsof an order6 in L form an abeliangroup 6

t

subgroupof Lt Wewant to investigatethestructureof this group

As in 6.4wedenotethe complexembeddings L E by

or or is Ats Or Its Frito Trt 2s Orts
realembedding

71Torsionunits

Prop 7 I
Let 6 be an orderand let the 6 The following are equivalent

a Lk 1 for some k 0 i.e x is torsionelementof G't
b I 9 a I I fi
c Lj Cal j ca n j theMinkowskinap ndimL

Such elements are called torsion units of 6 There are just finite1gmany
and they form a cyclicsubgroupTUC6 ofGA

Ioof
Leto L s be an embedding Then

I I cask I

o a e is a k th rootofunity

local L

Cjk jus n

This proves a b c Since j Ga 42 is a lattice it followsfromCor6.17
hat there are onlyfinitelymany x cGc with Cj ca jcaD E n
Assume now theGL with ajCal jCH n Then

h Cj a j dD L jacal join EE lo iCDR



I I oiks f
n Lemma6.16 we have proven that

INawal a th Cjhl jca 42

fence our assumption implies 1Nc a I 1 On theotherhand 2 is

on zero and integral hence Nc L is a non Ler integer

1 1No Cail II Ioi car

YIIia I II loicast
This is thegeometricand thearithmetic mean of Io Cay
They are egualiff their parts are equal hence

I q a 12 1odd 12 long 12
fence Io Ca12 1 Is iced I fi This proves c b

For any keWso we thenhave

I g Lakh I oinkl e lo ica th I

Lj Ir j Lk n

Sak l heN o is finiteby Cor 6.17

Fl ah de Lk l 1 This proves b a
blog
b al

we have prove that the torsionunits for a finitesubgroupTUCG of Lt
Exercise8.4TU G is cyclic
We can explicitly computeTUCG by finding all

elements in the
Minkowski lattice of 6 whose squared norm is equal to n see 6 5


