























































































































Lecture 17 61 I
We call units as in Lemma 7.8 Dirichletunits

We will now constructsuchunits This needssome preparation
Lemma 7.9
For any i leierts I there is Ci ER o suchthat gives any non zero
LEG there is a non zero B in 6 such that
1 INCMl sci
2 I oj p l al Sj k l Kj i
3roof We will show that Ci FF works independentofit

For I Ejerts choose a aj so sad that
a j L I og x note x o gCd to sothis ispossible

For lejerts define Ci j aj if jti and let Ci o be such that

IITEI.ttsVHI ci co fi b er

Considerthe set Ei Ei G care11225of all Units sad
that

µ
Hj K Ci j tor tej er

K2j r ft Kj r2 a 2CEj for rtl E je r t s
hen rts

okEi II 29 j it 29,4 2 sits Tajija

Its s E
s
ftp.T 2rtbfldsT 2nd h

where A j G is the Minkowskilattice

fence by Minhowshi's latticepoint
theorem Tsm6.183 there is a

non zero point BEG with j p CEi For such a point we have


























































































































B orCPI or IVIPeart Elmore B Ere orts B VIKorts DO
I lecij VIReg ft Vilmos D 4 2Cif
lost KC ij i

g
21of He2Cif

i of I Ecij
fence we have

1 Oj Pll a Cij Vj
knee

I of B I E a j a look 1 for j ti
and

we KIIlousy lot ft III c Ci

emma 7.10
Give CE IR there are only finitely many

non associate elements LEG

with INCa I a C
f roof
Since Md c Z for the 6 can assume CeHyo
Let Ii C G non zero ideal of GWe firstprove the fellowy
Claim If xBEG are suchthat x P EI and INCL l C INCH thenthey
are associated
3roof We have X P y C for some j cG Hence

n
F It f y It Nffdly

Let Xp EoaiXi be thecharacteristic polynomial ofP
The ao N B

terce 0 xp B IN t I aipi I MM t p E aip
c l

E G
truffle G EEG

Similarly I e G f e G is a unit x andB are associated

I de di 6



Nowlet A f I 1LEG INKY D c GII ByLemma 5.23 dime I dime6
o GII and thus A is finite Let xn er be representatives of A If xc Gw.tl NCD1
henx 2imodI forsome i Xxi associate

Now we can prove
Drop7.11
There are E Erts EG'tsatisfying thepropertiesof Lemma 7.8
Hence G UCG is free of rank rts 1 and j't Gt clRrts t is a lattice
Droof
Foreal i l e i e r s l dothe following
Choose Ci as in Lem na 7.9 Choose a non Eero X i z C G

By Lemnos 7.9 there is a
non Zero di z e G wi th INCai 2 le Ci and

I j ki al s I G j x4131 Kj i

2epeating this processyields a sequence xi h EG with

µ di kHECi I ojki.dk ojKi h illV jti

3gLemma 7.10there are only finitely many non associate
element in 6

with norm boundedbyCi Hence there is k h EN k k such that
Li k

e G'tEi Li k
we have

1 Gj Ei
9 kik's
ogki k

s 1

Since Ei e G't we have N Ei L and since N Ei ofCei

we must have toile I 1

The Ensr Eris constructed thussatisfy the
assumptions of Lemnos7.8

they are linearly independent dimzG s z r t s l

3g Prop7.6 E r t
s l hence rts 1

a



Corollary7.12 Dirichlet's unit theorem

Gk x 7kmE x Ert s as abeliangroups where m ITUC611
a

Jef 7 B
A E basis e er s of thefree partof Gt is called a systemof
fundamentalunits

Jef7.14
The discriminant of the lattice j Gt carts 1 is calledtheregulator
of6 denoted negG

reg6 1det jt ee j Certsi'll c IR o

for one any system of fundamentalunits
Wewrite negLi vegGL
Demark7.15
Dirichletunits G Ents as constructed inProp7.11 generate an rts 1

dimensional

group hence a subgroupUofG'tof finiteindex But we donotneed
to haveG U Similar situation as withequationorder in themaximalorder

we have

G t U ret U regUi Ldet ft e jtkrts.nl
reg

6.4Remarks

TheproofofDirichlet's unit theorem 7 I 73 yields an algorithm tocomputeGt

ComputeTNG by computing all a c G with 11 j dHE n Prop7 l
2 ComputeDirichletunits E er s Gemma7.81by following theproofofProp
7 II To thisend one needs to makeLemma 7.9 constructive more precisely

0



we need to find a PC Eik whoseexistence isimpliedbyMinkowski'stheorem
A brutalway to find this is as follows ECa was theset of unit with

Hj1 E Ci j tor tej er

K2j r ft Kj r2 a 2CEj for rtl E je r t s
Hence

xp CEj for letter
X2j r i Xzj r E 2City

So
Hank's IIfist 2 air fit 4 if cicar

Thusdetermine all latticepoints xed withHell cCoca andcheck

if properties in Lemma 7.9 hold
This is very inefficient however It can

be done moreefficientlyusing 24

ByLemma 7.8 Er Eris are linearly independent and 6 1E EE arts i3 isfinite

by the proof of Prop 7.6
Let C I HjHeim andcompules Ee G t I kj e Il e C G ITE

Then6 1 9Er Eas I e S bythe proofofProp7.6

Hence G E fEn Erts E cU

TherectorsJA E foreellanden arts spanthe lattice jTCG't

Use R linearalgebra to findrelations andextract a E basisforthislattice
The correspondingunitsyield a systemof fundamentalunits

Without improvementsmodificationsthisalgorithmis very inefficientandcannotbe
used in pract

Iep2 is aboutfinding rts I linearly independentunits There are alsootherways to
achieve this



Step3 is aboutthefollowingWehave a subgroup U Z Krs Ents3of finite
ndee i n G t Weneed to checkwhetherU Gtalready and if notneedtoenlargeU

Thesituation is verysimilar to the computationof an integralbasis 5.3

GYU Typing X XEffy where G't UI Pim pent

fence for any p l G't U we have to determinethemaximal p subgroupUp

fG't Up f x c G't IAkeU for k some powerof p or leafwhetherU Upalready

There is an algorithmto computeUp we skipthis notethatfor 6 we usedthatG

s a ring Gt is just a group

what are thecriticalprimes
Wehave

EG y reg G
veg U

Suppose we can bound BE reg6 Then

6t 63 s neg
U
B t

so if p lEG'tUI the p e RgUB
We thus want good lower bounds for the regulatorof G

rop7.16 withoutproof shipped

et jit L 427 x log to Cal Let h Jit Gt a lattice

n IR A e IR't The

reg 6
2
z
2 CN Tris Ch

n y
r t s i

r ts l
T
Hermiteconstant


