











































































































Lecture18 8.1

8 Idealtheoryofringsof integers
Recallthat theringof integers in a numberfield is not necessarily
factorial e g the ringof integers in VI is ELIF and

21 3 7 It 2 E5 l 2 57
are two non associate decompositions intoirreducibleelements

BeautifulideabyKummer thisdefect is repairedwhenconsideringideals
insteadof numbersand primeidealsinsteadofprimeelements
Note ideal comes from idealnumber

2edekindturnedthisinto a powerfultheory

I fractionalideals
dealsgeneralizenumbers fractionalidealgeneralizefractionsof numbers
Let R be a domain with fractionfield K

Jef8.1
A fractionalidealof R is an R submodule I of K suchthat

r I e R for some non Zero re R

Example8.2
22 Q is a fractional ideal

remark8.3
rationalideals are notidealsin theusual sense theyare contained

in K Anyideal in theusualsense is obviouslyfractional they are

Drecisely thefractionalidealscontained in R
n thecontextoffractionalideals are sometimessaysintegralidealtoreferto
deals in theusualsense














































































































Lemma8.4
SupposethatR is Noetherian
An R submodule I of K isfractional if f it is finitelygenerated
Anyfractionalideal is of theform f I for an ideal I

Proof
Supposethat I is fractional so r I a R for some re R rI an idealinR
Since R is Noetherian RI is finitelygenerated so RI R Itis ikn7
Hence I R r f f is finitelygeneratedMoreover I tr R2t e3

Converselysupposethat I is finitelygenerated so I R f i i with ti r e
aking r r rn we get r I e R I is fractional

D

emma 8.5
f I J are fractionalideals then so is

I 3 f Xe k l e f e I3
is particular

I I R I 1 f te k I e I eRI
s fractional

Troof
Testsuppose that I I ER Let Ot ref If x e Iif then XJ e I

X r c I r Iif c R I 3 fractional

n thegeneral can let r se R besuch that r I a R SJ ER
her

r sI rsf f X EK I X r SI e rs f f te k l XI e f I D

Since RSI rs I e R the aboveshowsthat RSI RSL I 3 is fractional

If 8.6
A fractional ideal I is invertible if there is a fractional ideal f
such that IT R














































































































emma 8.7
A fractional ideal I is invertible iff I I R

Droof
Suppose I f R Ther y I c R KyC f so I a R I I I

R If a II E R II R
El

he set Ir of invertible fractional ideals is dearly an abelian
groupundermultiplicationwith identityelementR

Jef8.8
Ip is called the idealgroupof R
Lemma8.9
Every non zero principal fractionalideal I R X XE K is invertible
with I R x
Droof
Rx is clearly a fractional ideal and CRx Rx Y R so

Ret R E
e

henonzeroprincipal fractional ideals form a subgroupProf IR
Jef8.10
The quotientCCR IR pr is calledthe idealclassgroupof R
and hR tart is calledtheclassnumber of R
So I L inCLR iff I f is principal
These are extremely important invariantsof R
Notethatwehave an exactsequence im herineachposition

I Rt K't Ir CCR I














































































































o fortheHummeridea elements ideals Cle measures how far awaythesetwo
0

worlds are andRtmeasureswhat we loose inthisprocess
o betterunderstandCcr werestrict to ringswith a nice idealtheory

82Dedekind domains

FromCorollary3.32 and Thm 3.47 and Prop5.21 weknowthat
thering 6 of integers in a numberfield L is of the followingtype

Sef8.11
A Dedekinddomain is an integraldomain which is integrallyclosed

noetherian and one dimensional
Eeverynon zeropineidealisnational

Note A non maximalorderin a numberfieldisnot a Dedekinddomainbecause
1 is notintegrallyclosed
We willshow
Tim8.12
n a Dedekinddomain R every ideal I has a decomposition

I P P r
n to primeidealsPi of R This factorization is uniqueup to re orderingof
hefactors Note 0 0 andR istheemptyproduct

Tre proof needs some preparationThroughout R is a Dedekinddomain
Lemma 813
For every non too ideal I of R there are non zero pine idealsPr P
such that I 217 Pr
roof
Let It bethe setof ideals I whiddo nothave this property
Suppose all OfSince R is noetherian everychain in It becomes

stationary and thus admits an upper boundHencebyZorn'sLemma












































y
M contains a maximalelement I This cannotbe a primeidealsince
n'meidealsobviouslysatisfytheclaimedproperty Hence there are bebec R

with b.bzc I but bebz EI Let I bn I and Iz ba TI

Tren I f In Iz Because of themaximality a f I we have Ii ofou

hence Ii contains a product of prime idealsSince In Iz a I also

contains a productof primeideals contradicting Iem
µ

emma8.14
Ip t I for anyprimeidea Pandany non zero ideal I
Note wedon'tknow yet ifP isinvertible so cannotuse PP R

roof
f P O thenP t K andtheclaimholds so can assume Pto
Wefirstshowthisfor I R i e P t R

et O a c P ByLemma8.13there are non zeroprimeidealsPa Prwith
P e a EP Let r beminimalwiththisproperty

Generalfact If a primeideal P contains a product In I of idealsthen
P containsone of the Ii
ProofSuppose P Ii ti Thenforeach i there is Xic Ii XieP
Ther Iti e IIe but It PsinceP ispine Hence P I IIe I

ence Pe EP forsomeogwtog i LSince R is one dimensional P P already

Becauseof minimalityof r Pz P a Hence there is bePz Pr with

b a so a b R On theotherhandBP bPe EPi P eCa so a bP e R

hence a be p t P l R
Now thegeneral case Let I R San xn3Suppose I P t I Thenforevery
rep we have

Xxi JI ai j Lj ai j c R

Hence if A xSig ag and x 4 xn the A xt 0

Multiplicationwiththeadjugateof A seeproofofThm2.271yields



O adjCA A at def A at
dat A 0 to detCA O

x is a zero of Det XSj aij cRED x is inlegal over R

xeR since R is integrallyclosed

P e R

SinceP 212bydefinition P R f toabove a


