























































































































Lecture 19 13.1

Finally
7roof of Thm8.12
Existenceof a factorization Let It be the setof all idealswhichdonothave
a factorizationSuppose ill 0 ThenbyZorn'sLemma ch has a maximal
element I Since I R it is containedin a maximal ideal D Since Rep t

he set
I c IP e PP e R

3y Lemma 8.14 I 4 IP 1 and PIPP I Since P is maximalandPP e R is
n ideal we must havePP R Since Iem it cannotbe a primeideal so

IEP hence IP PP R Hence I E I p ER Bynationalityof I in ill
wethushave IP EM so IP P P I IP P P P P Item
niguenessoffactorization Let I P Pr Q Q bethe factorizations

her Q Qs c Pr So Qi E P for some i bygeneralfact in proofof lemma
8147blog i I Since R is one dimensional Q Pa Moreover P t PPi e R by
Lemma8.14 so Papi R sincePr is maximal Multiplying the factorizationby
7 thusyields Pz P e Qi Qs Inductively we deduce that r s and

Qi P Ki afterreordering appropriately

Collecting equalprime ideals in a factorization
we see thatany ideal I has a

factorization I Pn P with unique r primeideals Pi andUi 0

Example8.15

Recall that in ELVIS e VI we have

21 3 7 It 2 E5 l 2 57
Let

Pi 3 Lt VI Pz 7 3T VI

R 3 5T VI Pg 7 4 t FF



Herc seeThePo are prime ideals and
3 Papa 7 PzPg At 2 VI P2P4 I WF P Pz

2 y
BBP

same ideal factorization

It 2VI t 2 VI P R PB

Thm 8.16
Every non zerofractional ideal of R is invertible

roof
It P is a non zeroprime ideal then P PP I e R3gLemma8.14 so PP 1 12

since P is maximal Hence P is invets56 Then byThen8.12 every non
Zeo dded

is invertible If I is fractional then r I a R for some r to hence ri

is invertible Have rt r I I R RIKI I r II I II

I is invert56
0

Corollary8.17

Every fractional ideal I has a factorization I P pror with unique
r primeidealsD and if C Ill 03

Corollary8.18

Ipe is the free abeliangroupwith basis the
non zero prime idealsofRI

remark8.19
Dedekinddomains are preciselytheintegraldomains in whicheverynon zero

fractional ideal is invertible

emma8,20
he following a re equivalent Ra Dedekinddomain

a R is factorial
b R is a PID
1 CLR is trivial i.e Ir Pr



roof
a b Byfactorization it issufficient to showthatevery prime ideal

is principal

Let P to be a pineideal Chooa 0 pep The CPS EP SinceR is factorial
or

s E ith Tfr for primeelementsto and a unit E p P P e D where

Ti a prime ideal Po e p fo r some i bygeneralfact in proofofLemma

8.14 Pi P since R one dimensional P principal

as Clear
c Let I be an invertible fractional ideal r I e R an ideal

r I AR for some a c R since R PID

I ofR is principal
b Let IER be a non zero ideal

is invertiblebyThm8.16
I c Ip

SinceCCR is trivial IR PR I XR forsome ee k

Since I ER Xe R I principal

knee theCLR measureshow far a Dedekinddomain is frombeingaPID

CLR can be arbitrarilycomplicated everyaseliang group is theclassgroup
f someDedekinddomain

3Finitenessoftheclassgroup
Throughout R is theringofintegers in a numberfield2 specialcase ofDedekinddomain

ten thesituation is much nicer wewillshowthatChi CCRis finite
ThiswillfollowfromMinkowskitheory
Anotherimportant ingredient is the idealnorm recallfromLemma5.23 that
a non zero ideal IE R is a free Z moduleofthe same dimension as R hence
R I IR III is finite



288.21
NCI ER I is calledthe ideal norm of I

2emarh8.22
For a generalDedekinddomain12 it is not true that RIE is finite take eg
2 EsCa PD and I X RI I e Q

he terminology norm is justifiedby the following property

emma8.23
f O ta e R the µ ay NC as
roof
Let x an be a TLbasisof R The axe aan is a E basis of a
Write axe aijaj and let Ai Caij The det A Nc a

bydefinition seeDef2.28 Moreover I Iet A f ER I

rop8.24
The ideal norm is multiplicative NCI f NCI N f
roof
By idealfactorizationCRisDedekind it suffices to show that if I P por
the NCI NCR NB
Bythe ChineseRemainderTheorem we have

RIE t.IRpEi
t is thussufficient toshowtheclaimfor I P
Wehave a drain

P z P2 z

Note that pit pit1by uniqueness of factorization
Eachquotient P4pitt is an Rlp vectorspace



Claim dimppPYpit 1 generalfactforDedekinddomains

Proof Let c Pil pit Let f x Pitt Then pit g f e p i

P p ip i ti E p if P if p sincePmaximal I Pi

X spans PYpiH
D

So PYpiti ne RIp as Rlp vectorspaceshence
NCPO TR p'T Rep EP P2 Ep P'T RIPto N P

27

Multiplicationtyallows us toextendthe ideal norm to a group morphism
N IR R't


