























































































































ecture22 22.1

Consider f Y 2 2 X l cREXYI

Dictumof Zf IR

a K

f 11

The ring A inked is a Dedekinddomain noetherian r

one dimensional picture and integrallyclosed nosingularitiespictures

Wehave REX's A In fact A is the integral closure of 112173 inQCAI

The morphism
SpecA Q

Ia
corresponds to the projection Hy

v

IR

Over ead a 1 there are precisely twodistinct points namely a 2tVaT and
a 2 Vat Thesetwo points correspondto the prime ideals

Ma x a Y 2 rat cSpect
These are precisely the primes over

k al e Speckles
X a anramified in A H a Mat Ma in A



But for a I there is only one point namely 1 21 The corresponding
prime is

µ e X l Y21

X 11 ramified in A K Il ME
6Computing factorizations
et's get seriousagain
Setup as beforeSince theL is separable there is a primitive

element 0ES i.e
NO seeThem2.23 Recall see Exercise4 2 that we do not necessarily

have S RE03 In the number field case S is a free R module and theindex

S RE033 is finite To measure thisdefect in the generalsetting we

introduce the following

Jef8.39
Theconductorof RE03 in S is

F Fsl rig f des ILS e RE03

emma8.40
F is an ideal in both REESand S It is the largest idealwith this
property Moreover Ft O

roof f x c F then X L I cREESbydefinition so Fe RT03

f x PGE clearly Kt B S E Lst PS e RE03 If x c Fand B E S the
B as x PS ex S c RE03 BLE F F ideal

If I is an ideal in both S and in RE03 then XS a I a REO feet
so I E F
2ecall that S is a finitelygenerated R module so S R S4 an3
Since L KC0 we can write Xi I OJ for some ri j e R rij e RI so
Let r II ri j e R1901Then race REO3 to r S e Rt03 re F



Demark8.41
n the number field case we have S REEDEF

Let y cREX be the minimal polynomialof CS over R

Thm 8.42 Dedekind
Let Ot Pe Speak be suchthatPS is coprime to the conductor F Es r
Let

F Een if
be the factorization ofµ over RIPEX intopairwisecoprimeirredicistesTo
Let YiCREX be a monic representativeof YiThen the ideals
Qi P f O g

idealin S seneratedby PandeCo2

are precisely the prime idealsof S lying over P Their inertia degrees
are

filp degXi
and

pg Qin QF
is the factorization

Proof
Since prime ideals in S over P prime ideas in 51ps we can transferthe
problem toSIPSSef R RE03and I RIP We have the following situation

s s SIPS
I l
R aREO RIPR
I l
R RIP

we willshow that wehave canonical isomorphisms

51ps e RYppi e REAKp
The latter ring is easy to understand The first isomorphismneeds the coprime



assumption we have PS t E S Since Fe R es Pst Rl S
R 51ps is surjectiveThekernel is R nPS

Weshow that R nPS PRI
SincePS coprime to F P coprime to FnR wouldotherwiseget adivisorin
Pt FnR R PR t 5 Rt
R nPS PRI t F R nPS a PR CRInPS t F R nPS

c PRI t FPS c PR t PFS a PR t PR e PR
The secondisomorphismcomesfrom thesurjectivemorphismREX THEMF
The kernel is CPy Since RI RE03 REXKp it follows that
RYpr REMKpµ t RTMµ
Combined we have an isomorphism SIPS RIX KF The inverse is
given explicitly by g gC01modPS
Let's look at RTX3KF From ChineseRemainder Theorem weget

A RING RTM eyeII RT Fc.fi
asyobservations
1 Theprime ideals in A are the principalideals C
2 ATC RT deg I
3 o CF Fo ei

4 Itdegpj e i dimeA moreoverdimeA degy n pmonic

Now transferthis to 5 51ps usingthe isomorphism g g O modPS

1 The prime ideals in 5 am the idealsQT yC01 mod PS
2 510T RT deg I
3 o II i



Fansler to 5 bytaking preimages
1 The prime ideals in S over P are preciselytheideals Qi P pi o s
2 f i S Qi RIP degpi
3 PS z n Qf i II Q ei PS divides IIQiei

i I idealspairwisecoprime

Since we haveFeeiti n by 4 above we must have PS IIQEi
0

Thecondition PScoprime to f excludesonly finitelymanyP Hereis a helpfulcriterion

Lemma8.43
In the numberfield case Thus8.42applies to all P with S RE033

This is satified if dragP_discriminantof REELeasilycomputable
Droof Since P is maximal Pt Es RE033 R Wehave S R BEF

Remark8.411 hence PS t F S Recall that

drag ES REED Ds
So if d EP alsoESREED EP
2emark8.44
What do we do if PS is not copn'me to F Try tochange 0
You can find examples of this in Exercise11.1
There's also a more systematic approach seelecturenextweek


