
 
ecture 25 3.2
F Unramifiedprimes
ere is an important corollaryof Fhm8.42
hm8.45
Let d DC1,0 0 bethediscriminant ofthebasis 1 Q En tof L
The all P cSpear which are coprime to d and to F ane unramified in S
In particular only finitelymany P are ramified in S

roof
Recall from Gr 5.12 that D Res YY Let f pmod P Then
d ResCu ResCF ft Since d P I 0 so Red FPT to
By Lemma 5 9 this means that I f i have no common root so

the factorization of F is f Fe Er all Fi coprime Since P is
soprime to F Thin 8,42 implies that e i I ki Moreover FpT no

common roof means that f is separable If Qi is a prime over P the
extension RIP c Hai is generated by mod Qi The minimal

polynomialof 0 modQi dinde I hence it is separable hence

RIP c QQ is separable In total P unramified

remark8.46
One can show that the ramified P am precisely the divisors of the

discriminant ideal

dslr idealof S generatedby all K bases of L contained in S

8Galoistheoryof primes
Asbefore RDedekinddomainwith fractionfield K Assume now that Ke L is
a finiteGaloisextension Let S R ut't G aGalk L

Note if a c S the also on a ES foreG Gacts on S This is an actionby
hng automorphisms so if Q E S is a prime ideal so is ol Q



f Q lies above P then so does ofQ since
of Q n R on Q ro R of Q h R of P P 6 feesK

Jef8.47
The primeideals orCQ oneG are calledtheconjugates ofQ
emma 8.48
G actstransitively on the primesof S lyingabove a primeP of R i.e they are
allconjugatesofeachother
roof
Let QQ betwoprimesaboveP Supposethat EQ Q to cG ChineseRemainder

Theorem

taca
e Sla IIaslocal

ence there is xes seed that
E O modQ1 and X I mod onCQ Koe G

We have

Nuuk IT dry x ITonce
EG OEG

on 1 1

Kercesince XeQI and integral over R NyuCt C Q n R D

n the otherhand k 0104 KoeG oh ElQ to EG teach Q nR PYa

Jef8.49
Let Q be a primeofS Thedecompositiongroup of Q Lover R is

GQ foreG l P P

emma 8.50
et PESpecR
a The ramificationidices ei and inertiadecrees f of theprimesQiabove
P ane independentof i

b The factorizationof P in S is of the form



f e

Ps I.EEa
where Q is an aristrary prime over P

roof
et Q Q bethe primesabove P SetQi Qi ByLemma8.48 we can find
f or eccl i a cri eG with Qi o Q Since oni is a ring isomorphism

S S it follows that QQ S o Q hence

f i QQ RIP Sla Rip f ki
Moreover since o PS PS ki we have

Qb IPs si E l PS oia l PS
hence e i e e fi Theclaim in b is now clear

a

Jef8.51
The fixed field

GQ f e.cl ox e the Ga
is called the decomposition fieldof Q CoveR

Lemma8.52
SGQ is the integralclosureof R in EQ and this is a Dedekinddomain
Troof
Fellows from8 12n t andfromthegeneralLemma 8.31

El

rop8.53
5k QESpecS over PeSpeer ThenQGQ Q n SGQ c Spec

a QGQ is non split in SG c S i e Q is the only primeaboveQGQ

The ramification indices and inertiadegreesof Q over P are those



of Q over QGQ
The ramification indices and inertiadegreesof QE over P are

equal to 1 i.e P totallysplit in RaSaa

Q S Le t
happen I f l
here qG SGA LGQ
splitting 1 I 1
happens
here P R K

roof
a Notethat GalLace L GQ HencebyLemma8.50 theprimes over QGQ

are oQ for o cGa Hence they are allequal to Q

c By Lemma 8.50 the
fundamental equation seeThus8.37 reads

n ef r
where

n dim ul IGI
e ran indexof Q over P

f inertdeg of Q overP

r of primes in S over P IG Gq
Hence

Gl n eft ef Gi Ga
EL LGa IGal ef

Let e req e be the raw index of Q in Sae c S regs of
QAQ in R c SGQ The PS

GQ Q e
powersofotherprimes

Since Q is theonly prime over Qsaby a it followsthat QQS Qe



Hence PS Qe e powersofother primes

e e e

If f req f denotes the inertdegof Q in S as regs

of QGQ in R c SGQ then dearly

f Sla RIP Sla ShelQaa SG4QGa RIP f f
he fundamental equation for the decompositionofQGQ in SGQ S

is L EQ e f Hence e f e f e e f ft e I f
I


