
 
ecture 27 10.2

8.10Ramification in cyclotomicfields

Let 9 be a primitive n th root of unity and let L S

2callfrom Exercise 3.5 and 5.4 that
theminimal polynomialof g is Ion IT K z cyclotomicpolynomial

2prim
n throot

dim L le n Euler y ofunity

GL Efg we just proved this for in a primepowerbutalso true
in general

In 8.58
Let n Tp fr be the primefactorizationof n Foreveryprimenumberp letfp
be the multiplicativeorderof p moduloMpup pfe AmodMpopand fpsmallest
Then p factorizes in GL as Pi P KP l where the Pi are distinct
and all having inertiadegreefp
roof SinceGL ETFS wehaveIq 1 so we can apply Thm8.42 for
everyp Hence we need to show that

On Pelt p x
XP

mod p
where the Pi are distinct irreducible polynomial one Typeof degreefp
Write n poplin If E respMj run through thedistinctprimitivem th nsp p't th
rootsofunity the King runs through the primitive n th rootsofunity
ence

Qu IICt Ei
Zoll Rj is a primitive por th rootof unity so is a root ofXP l
Mo I p we have XP I X 1 P mod p henceMj I mod Q



for any QCSpeck lying
above p

In II X G UP tomb mod Q

Qu 4m4cm modp
Moreover by definition fp is the multiplicate

orderof pmod4pop m
can restrict to the case p k n up o so hepop UH L

Then n is non zero in 64 it has characteristicp
kn l and kn 1 nX do not have a common zoo in Gela

X 1 is separable over 64g i.e it has no multipleroots

the quotient map 6L Gela induces a bijection Set her n th
roots of unity in the respectiverings In particular the primitive
n.tl root 4 of unity remains mod Q primitive

Thesmallest extension field of Fp TYPE containing a primitive n th
root of unity is pfp since Ipfp is cyclicoforderptP l

Fptp is thesplitting field of Fn fu mod p
Fu divides X I modp hence ha no multiple rootsbytheabove

IoT pi pi with distinct irreducible polynomial Po

Every PI is irreducible and has a primitive n th root of unity as
Zero pi is theminimal polynomial of a primitive n k rootofunity Ietf
degpi fp This provesthe theorem a



Corollary8.59
If p is an odd prime then in Ge p is n

a ramified iff n O mod p
b totally split iff p A modp

El

8.11Quadratic reciprocity
The splitting of primes in quadratic extensions and in cyclotonia extensions
s linked This willexplainthe quadratic reciprocity law
hm8.60
Let l be an oddprime Set et CDE e and let 5 be a primitive l th
root ofunity Then for an odd prime p the following are equivalent
a p is totallysplit in Vdt ft L

p splits in Q1 S into an even numberof primes
roof
t's not hard to see that et c2 where I I E Sa Exercise

a Ele t

ence Vet EQ S
b p is totally split in Vet the pal Pe P cSpec G rets
her there is oneGaff Vet mapping B toPz hence there is EE Gal Cakes

mapping P toDz Such a E induces a bijectionbetweenthe primes of aces
ver P and those over 17 Hence there is an even numberof pines in Ce

ing over
papposeconverselythat the number r of primes in 51 over p is even

yProp8.53 r EG Gof 9GQ Q where G a Gal OCS and Q
s a primeabovep Since G is cyclic there's a uniquesubgroup foreverydivisorofG

G he



hence e GQ contain the unique degree 2 extension which is Vet

3gDrop8.53 the inerta degree of QGQ over p is

quad to 1 hence the inertiadegreeof Q n E pet of p is equalto 1
p totallysplit in Vet

a

Tim 8.61 Quadraticreciprocity
For odd primes L and p f Pee C D

roof
et et CD e as aboveWe firstshowthat ft E
yThm 8.58 p splits in he into r primes where f is the

multiplicative orderof p mall ByThn 8.60 we have I ith r is even
3gabove r is even iff f divide Since f is themultiplicative orderof
mode thisholdsiff p L mod l The soupFe is cyclic and
Cementoforderdividing are precisely those which aresquares
u total ft 1 Iff E 1 Hence Ft E
t is easy to see that CD Exercise Hence
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