











































































































Lecture3 4.11

asf time

f eUTk irreducible extensionfield L HENKf of K 6kmfield

fell 43 splitting field

Both constructive if k isI

f called separable if all rootsof f in a splitting field are distinct

Troved i f f i rred and dark O f separable

Jef la
Viel is called
finite if dimal a no
algebraic if eadx.CL algebraicover K UdeL
separable if algebraic and y separate Kael
2.20 Ialwaystrue if charK 0

emma

theL finite algebraic

Droof
Let del The powers 1,2 I must eventuallybecome lineardependent

x algebraic














































































































Lemma Let keL be a finite separable extension n adimKL
Let Isak bealgebraicallyclosed Then any k mo phism T K r extends

n precisely n waysto a Kmorphism on L r
orL r

a 7

EfK

TroofBg induction on n Case n 1 clean Let us 1 Choose a c4 desk
Let f yau r degf Consider Kc Kla L

tak dimuKCH r din ka L Ir Let T K or be a morphism

For any extension on L I have

flat O Ilf orcas O

o o mapsrootsof f to rootsof T ft For any root Pof Elf get
an extension or by

KIN s r
botbedt tbr.gr Ilbo t THIp t t TH Ipr 1

Since f separable also Icfl separable dogf drinkUld choicesforB
dimutualextensions

Byinduction each
extension UCa I extend is precisely

7 rays to r
e

E consider e it Them are precisely 2 dim lil extensions

of Q s Q to QCit Q namely it i and il s i

0














































































































Decay fe Vit Ga Wf Galulsplittingfieldof f f ygdth
Every se Gatulft permutes therootsof f

Def s
Roofs xp of f are calledconjugate iff old Pher some oeGdpCfl

Et
Thesplitting fieldof fettle HI is i The two rootsof f are
i and E Themap sending i to i is an automorphism i and c

are conjugate

Lemma

If f is irreducible all roots are conjugate
Droof
Let L be a splitting fieldof f
1are L Klan ar with ai thirootsof f
Let xp be twosuchroots

30th KH and WB are den fields of f

Z isomorphism T K x K B s moping x toB
can inductively extend this to a morphism on L sL This is an isomorphism

a

52.5 Primitive elements

Theoret3 Primitiveelementtheorem

If theL finiteand separable then L Kla for some x














































































































Proof stretch

Kel finite L Klan on Can assume wlogthat n 2 and show

that Upg Kcal for some

Let L be the splittingfieldof q q Let f f n pr k th roots

of µp in L and y K 8 betherootsof pg in 2

Since pg
is separable y t g kj 1

Hence for j s 1 the
equation

Bit Xp p t Xp XH H Pi P
has exactly one solution namely k P

8 tj
If K is infinite there is cek different from all these solutions
Let

p to 8
Can now showthat Upg UCD

Moredetails in e.gGathman Algebra
Alsoworksfar K finite

e

Temark 24

The proof is constructive

Dead
25

A number field L is a finite extensionof Q
These are the extension fields we willmostlybeconcernedwith

By the theorem

L L e
E a skinfield constructive














































































































2.6 Characteristic polynomial norm trace

Recallthat for an new matrix A Camp over a commutativen'y R

Tr A Aoi trace

DetCA I Sgu a a anoen determinant
cSn

XIX det XIN A characteristicpolynomialof A

matrixover
polynomialringREX

em ma2.26

XIX X Tr A X t tC 1 defCA in particularXa monic
degXA n

Droof Left as exercise
2.27

Theorem Cayley Hamilton x A O

TroofCsbetdh Forany cy let mij be the CiA minerof A ie the

determinantof the Cnhkn hmatrix obtained from Abydeleting
the i th ro w and j thcolumn ofA
Let adj A c hitJuju the adjugaleof A Can showthat
A adj Al de KAJI

Hence

XII A adj XIU A det XINAl In KACHIN

Plugging in A yields 0 XIA In AACA O
e














































































































Tr dot Xa unchanged when replacing A by UAlt

So if x endomorphismof a finitedim vectorspace can define

Tr K Ir CA della deHAI X XA
for a matrix A of a wot anybasis

Now Kel finitefield eelension Ever x.CL defines an
endomorphism

XL L L
x xx

Jef 2.28
Trunk Tr K

Nunca a detox all constructive linearalgebra

Xuk Xq
Lemma 2.29

D
Truk is additive Nyu is multiplicative

Ex 2.30
Inside E Cil Basis is S1 i3 Let a at bi
Multiplication

y I at bi
x i Stai

matrix of a I

terce
Tra x 2a 2Rdx N is a a75442














































































































DropL31
M

Xx 4k Yak m din wa L

roof Firstsuppose L Ux Have

dyp dimµ KH dimKL deg Xx
Since Xa x 0 byCayley Hamilton by Xy
Nowgeneral case Let Bn Bn be a K basisof KCH andlet
K tm be a WH basisof L The Pirkleh is a K basisof
L Ca write

xp TyagiPj a ok

his gives multiplicationby 2 on KCH Hence settingA a Ca ij
wehave X

A Y by first
case above

are x pith xPilgh aji 8k Zaji Both
matrixof meltby 2 on L AA

a
i m drinks L
blocks

vs X XI fam

a














































































































Co let 4 au be the rootsof q in a splittingfield The

Trakai M 9 i Nuff II dit
where m DinkyL

7oof Let

Ya X t a k t t an IT X til
Then a Edi and an C IT Tai

ByProp 2.31 have
X Im Xm manXm t tan

fenceby lemma2.26have

ray Ex man in di

Nur la Ehmann Iai
or

Cor 33

If Ket is separable and I 2K is algebraicallyclosed then

Trunk Zook Nunca HIM
where 5 runs through the K morphisms L r














































































































Proof First suppose L Wx This is a skinfieldofpg so farevery
root Bof pain I get a morphism L r andthese are preciselythe
mophisms so

y IT X od
0

Nowgeneral case By Lemma2.21 each E Kla L extends in

precisely dining L m ways to 5 L r mapping in to theroofofp
so in fox each roof of 4h occurs precisely m times

a
2.34
Ex
Consider e it The two morphisms i iQ ave

0 at bi l s at cb

da r at b i l s a is

Hence
Tr x at b t a is 2a 2Re L

4
at b

N x Catild a is a 5 14

2.7Traceformand discriminant

Let be a finitedim K vectorspace and let 4 KV K be a symmetric

bilinearform
Consider themap

Vt HourLYKI
v 1 wts Hum q

Def2.35 4 is called non degenerate if this is an isomorphism
This can be decided as follows











Def2,36 The Grammatrixof 4 Wrt a basis h K of V is

Grahn un Uri hit ij
If we Wn is anotherbasis and Wj aijk the

4 whirl g
akiUlrich acj

so

Gry w w A Gracy is At

Jef2.37
The discriminant of a wit un rn is

dryly un defGucci rn

we have
dy wi n w dektfdylvn.vn

Lemma2.38
TF AE
a His non degenerate

b dry to wet one Chenceany basis

Ioof Left as exercise

Now let KEL be a finiteextension

Jef2.39
The traceform of L over K is thesymmetricbilinear form
XL K definedby

x f 4k Truk x



The discriminantof theL wit a basis q anof L is

duncanHnl diguh Rn Det Cai2ohm

Ex 2.40
Consider c ciswithbasis91 i Then

Gray
Tat Tra c

iii a i a c I E
duk 4

Lemma2.41

If Kele is separable then
duncan an det Coixp T

where the ore are the K morphisms L R R 2K algebraicallyclosed

Proof ByCor2.33 wehave
Trautdid Ohki dj on di ohcap

The matrix Trunking is the productof Corbitt and ConcaD

duuC2n.ydnkdetfTrkixiD detl hxiD.det count
Iet Conan

I


