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Lemmas Consider ring extensions R c S CT If RCS and Sci

are integral so is R c T

Droof Let EET Thenthere is f X'tSn X t t sXtsocSLITwith

f E 0 Let S Piso Sn c S Since Rcs is integral eats

s integral over R S f g R moduleby Cor 3.20
Since t integral over 8 sies't SEES f s S modulebyCo 3.20

SEE f s R module S fs Rmotile1

t integral over R by Thm3.19 a
3.4Ringofintegers is inlegally closed

324
Zf R c S a ringextension Saythat R is integrally

closedin S if
Rint's R i.e if xes integraloverR de R

325
Lemma The integral closureof R in S is inlegallyclosed in S

3roof
Note R aRints is contained in S and R c R is integral

So if X ES in legal overR integral ore RbyLemma 3.23

x cR
R'integrallyclosed

a
326

Et
a TL is integrally closedin Q
b I if Z int is integrally closed in i

c 6 12int't ringofinksers in a number field L is integrallyclosed

in L

O



Jeff Let R be an integraldomainThefieldof fractions or quotient

field of R is

Q R I I r seR r to with the duons additionand
r multiplication

Formally QCRI fcra.rillrn.r.GRrino31N withGuriKra ril iff rri riz

Ex
28

at QCE
b QC 3 Cil CatSi I

a
t 2

i e lil

c Q Vers fEg l f gettersgto rational functionfield

3.29
Demark The map R s QCRI r n f is injective

QCR is thesmallestfield containingR
3.30

Jef R an integraldomain K QCRl

The integralclosure or normalization of R is R int K

R is integrally closed or normal if Rintik R
3.31

Lemma Let R be an integraldomainand L an algebraicextension

of Ki QCRl Let S Prints Then

a Fw every xeL there is deRho3 sad that does

b Q S L
c S is integrally closed Rink

Sg Lg

QE

inlegal algebraic

R K Q R



IoofSinceUELalgebraicthere is
f X t anX t e taneX t an c KTM

will f x Q i.e

X t and it t an x t an Q

inee K QCRl there is der suchthat dai eR ki commondenominator

Multiply aloneby d i

0 dhan tda an t t d am at dan
dat x and da x t and da t and

n da integral over R n da c S

Clearly Ql51cL Aboveshows Lc QQ
so L QQ

Ty lemma3.25S Rin is inlegallyclosed in L Since L
QCD S is

alegally closed a

co Ringsofintegers are integrally closed

3.5Inlegalityofminimalpolynomial norm Grace

Let R be an integrally closeddomain K QCR
L 2K a finiteextension

3.33
Lemma a L is integral ow R iff kav hascoefficients in R

3roof If yahas coefficientc is R tha x is integral

Conversely let be integral Then
I t r an t t rn X t rn O for some ri cR

et 2 be anotherrootofG Cinsome splittingfield
has KED and KENT are bothstemfields of ya

Zoe KEN E KELD will old L

Appliedto equationabove al t r Ld l t t rn al t rn O



Ll inlesral over R
As inksrotelement for a ringby Cor321 n all coefficientsof g
are integralover R
Coeffsof ya are in K they are integraloverR cuffs in R since R

nlegrally closed i f e RHI
a

3.34
Cor SupposeKeL separable If a cL integralover R

then

a Xy has coefficients in R
b x integral over R ther Nuuk Trunk C R

Ioof Xy fad by Prop2.31 a X REX by Leanna3.33

Nay d and Truda are coefficients of X by Lena 2.26
both c R

I

3 6Ringof integers is finitelygenerated
LefRSe a ring3.35
Jef AnR nodule V is noetherian if everysubmoduleof V is finitely
generated
336

Drop The following are equivalent
a is noetherian

b Every ascendingdrainofsubnodulesof V eventuallybecome
stationary

O Vo E V E K E Vi Vit Ki z N

c Every non empty setof admodulesof M has a maximal element
Droof



a b Let V Vi a submoduleof V

By assumption V is finitely generated so VaR fk un
n There is N such that yielf Kj
Vi Vit K iz N

b a Let 5 0 be a setof submodule
Choon V c S If V not maximal in S there is KES Ve Ek
tf tf not maximal ascending chair

becomesstationary Sag at Vr
Vn is a maximal element

C sa Lef Ue Vbe a sadmodule Needtoshow U is f g
Let S set of all finitelygeneratedsdmodulesof U
S 0 since Oaf
m S contains a maximal element Ul
Ul R fun KS I f U't U m t veUU
m 94 un r3 c S Y foU maximal

U all
U 99

I3,37
Emma I f U is a submoduleof V then
a theabeliangroupKU is naturally an R modulewith r T rt

b submodulesof V containingUI submoduleof the3
roof Straightforward

3.38
LemmaU a submoduleofVThen V noetherian iff bolt U and KU noetheia
3roof clear

I



claim V e V susmodulesofVwith V'tthe V tYuandV nU V nu
Then V V

Let REV Thenthere is r et s t v'tU v tU v v e U
v v e V nU VnU c V

r e r
Nowsupposethere is an ascending chainof submodule of V Theimageof
this chair in HU becomesstationary sincethe noetherian The intersection

of the chair with U become stationarysince U noetherian

The chain itselfbecomes stationarybydaina
3.39

Jef A morphism f V W ofRmodulesVW is a mapsuchthat

f rtn f rtu

f rr r f r
3.40

emma kernel image isomorphismtheorem as for vectorspaces
I

3.41

Def R is called noetherian if noetherian as 12module
i e every ideal is f g
342
rep If R is noetherian

thenevery f s R module is noetherian

Droof Byinduction as the minimumnumberof generators fer k
f ne I m V R Sv f R s V I r is surjective

RI I ne V as R modules I Kerf

Since R noetherian so is RIE hence k
f n 1 V R Ih rn Then U Rfun 43 noetherianbyinduction

Also Yu noetherian since generatedby our element un
Le noetherian I



Er
a Every principal ideal domain is noetherian

K KID I
b KEKrXz infinitelymany cars is not

noetherian

has theSulmodule I X K which is not f g
344

Top If R is noetherian it has a maximal ideal

3.45 El
remark Alsoholds if R not noetherian ZornsLemma

without proof butpossiblewithyourknowledge

Tim HilbertBasisTheorem If R is noetherian thenevery f g R algebra
s noetherian

Now backtobusiness
3.47

Thin Let R be integrally closedand noetherian Vi QCRl

Let L be a finite aparableextensionof K
Then S Rinth is a finitelygenerated R moduleand a

noetherianring

Zoot Let94 xDbe a Kbasisof L By Lemma3.31there is

daRls03sL dai eS Ki Then I da dan is still a K basisofL

Can thus assume x c S ki
The brace farm on KsL is non degenerateby corollary2 43
The Kbasis94 an of L has a dualbasis94 an3

u e Tran Lig Sig
Let xes The x B n wit fi e k

j d t



Since di Le S n xx cS

Truk Hi c R by Cor 3.34

Hue
Rat run Kai Truk BjDIdi Pj8ij Pj

x R ki ail
SER 94 xi3 S submoduleof a f s R module

S f s R modulesince R noetherian

ByHilbert's BasisTheorem S is
noetherian

a
3.48

Corollary Everyringof integersGc is a finitelygenerated Z
module

and a noetherianring

3 7Ringof integers is free
Note Z i Et Ei everyelementofthe for a Si with unique a bet

349
Jef LetVbeanRnobleA subsetsuit V is linearly independent if whenever

riVi O ri O ki

A basisofV is a linearly independent generating set
V is called free if it has a basis
NoteVfree every

v cV isoftheform r r with unique ri cR

x 3.50

a R itself is a free R mobile In fact
So is R R fcriticI trainer r free VER forsome I

finitelymanyri O
b Ever k vectorspace is a free K module


