











































































































Lecture6 Boll

44444WARNING N 2444

a Modules do not have to befree
b In a freemodule a generating at doesnotnecessarilycontain a bar

c susmodulesof freemodulesdonothowtobefree
3 51
x
a Consider 2 22 as a Z module

If free it wouldcontain a copyofEY
b Consider TL as a E module It isfree
52,33 is a generatingset since 1 2 t 3 Butdoesnotcontain a bas

c Let12 2 62 Then R is a free Rmodule

4 212 90 2 41 c R is a submodule
But it isnotfree otherwise it wouldcontain a copyof R 14126Y

stillsomefamiliarpropertiesdohold
Lemma uppose V is freewithbasis943i.CI

Let we w se an Rmodule

and let 1W3i e I beelementsof w The Vi tsw extendsto a morphism

W
3roof Straightforward

Lemm Let f V W be a morphism sled that Imf is free
Then the kerf toImf
Proof Let9Wi3 be a basisof Imf For each i choose

ViC f wi Since Imf fee ca define a morphism

s Im f V wi t Vi
Have fos idling














































































































Claim kerf to this
Let her Then v h sf v t stfu

IF c1ms
Hi Secr
f r fsf v
f u HH O

l V KerfHn s

Lef ve kef n1ms v Scw for some w

O f v hrs w W

V KeeftoIns
a

Lemmas LetPetoandlet Vbe a free R module
Thenall basesof V have the same cardinality dimension or rankof V

dinrV rk V
Droof
et M be a maximalidealof R existsbyProp34,4Remark3.45J
K RIM is a field

Since it is an ideal MV L2mi ri i m em rich is a submoduleof V

T Vµ is an Rhuch module

1f fvisiee is a basisof V then 95.3 ice
is a h basisof V I

generates

linearly independent O IT EriVi c MV
Ir Vi Miri will mi EM

ri mi ki since Sr I iee a basis

7 0 Ki

III dinHF independentofbasis e














































































































3.55
TemakiWelldefinedmessofdimension can fail for non commutativerings
Lemma tf Vis finitelygeneratedandfree it has a finitebasis

Droof Let visiee se a basis Let fi un Se a finitegenerating set

vf Irijvj
Let I i f ri I rij to fer some j

a finiteset

Thu Vj c R 9rosier Kj V R fVilie Il
SinceSVil EI is linearly

independent it is a basis
a

tow can weprove
freeness

tere is an obstructionto beingfree
3.57

Jef A torsionelement in V is an element reV suchthat rv o

for some non zero divisor r ER

he setTCH of torsion elements is a submoduleof V called
torsion submodule V iscalled torsion hee if TCD 0

358
emma If V is free thenTC4 0

Droof Let943 c I be a basisSupposethere is reV with ru o for
one non zerodivisor r Wehave V I ri ri ri eR Hence
O r r r riVi rr O Ki Since r is non Zero d n'or

ri O ti r Q

359
emma VITCH is torsion free

7oof Straightforward

2














































































































EdORa 2 67 and U 212 902,43CR

ThenU is torsion freebutnotfreebyExample3.51

Torsion freemodules can beupgraded to vectorspaces
In all of thefollowing let

R Se a n inlegaldomain K Q R Van R module notnecessarilytffor now

et KV f r r l retdSol reV3 n where

c r l n cu ri I iff ther is r e RlEB s.hr ru r4 0

vile FitrforCrr Then KV is a Kvectorspacewiththeobvious andKaction

Notesimilarity todefinitionof QCRI

why is there the
additional r in the definitionof

Whynotsay I Y iff vr rt

Because oftorsion Suppose 0 1 v a torsionelement i e r v 0 forsome r 0

f wewouldsay I f s V I l O v O wouldhave f L 0
But look f F Y RE of o Y
n thedefinitionof QCR we coulddropthis since R is a torsion free

2 module if R is an integraldomain
We See
em nE The kernelof V KV v n Y is TCU

a

corollary If is torsion free then V KV is injective

remark If V is torsion free and UE V then KU
c KV

However if U EV it can happenthat KU KV

Consider TL as a E module and 22 E E

E Q
2E Q














































































































Lemmas64 If V is free then dimzV drinkkV

Proof
If ri3 c I is an R basis then f ri3

generates KVas a Kspace

MIrecover I ri o multiplyby r I ri'totoget Eri Vi 0 ri Egrie R

ri 0 ki r ri o ki ri O kisince r ko and R inlegal
domain

365
Lemma Ran inlegaldomain V fgR module

The V is torsion free if f Vis a submodule of a free R
module

Proof A submoduleof a free module is clearlytorsion free
ConverselySuppou that Vis torso free

Since finitelygenerated KV is a finite dimensional K vectorspace

Let Y rn be a basisof Kt
Let 4 Um be generatorsof V

Can view V c UVby Cor 3.62

n ve j2r hi rig rif ER
let r itrig O The Yi is a basisof KY

in particular linear independent over K
thus overR

V R f 1 is a free R
module in KV

Have Vic V ki V E V
I














































































































Thin SupposeR is a principal idealdomain
Thenevery finitelygenerated torsion freeR

module is alreadyfree

Proof ByLemma 3.65have c Rn for some new
Do induction on n

n 1 V is an ideal in R
Since R is a DID V r for some RER

Clearly I r3 is abasis so V is free

h he Let it P R I be the projectiononto the last

n I summands

Let V IT V e R 1 Freeby induction

VE V Ker TW by Lemma3.53

Have Veer Tlv c R firstsummandofRn

s Ues Tlr freeby induction
V hee

I
3.67

emma let Rbe a principalidealdomain
and V a finitelygenerated

2 module Then V T V to F where F is free

Droof HTCr is torsion free Lemma3.54 It is finitely senorated

inee V is HTCis freeby Theo en 3.66

Now have a surjective map 4TH F

the TCU Fby Leanna3.53 a
Question Can we finallydosomenumbertheoryagain
Answer Alright




