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Another reallyusefulfact
4It

Cor Let V be a Lg free Z module and Ue V a submoduleof
the same rankThen Yu is finite and

VUS Yu1 1det AH whee A is thematrix of
U s V in somebasesofH
and V

Proo

By mith normal form there ane U
V s t UAV Dro Smithnormal

form Dr digCsn Sr
Then

Yu IE si I Yul II si
Also since U VEGHZ i def U de1 r t l so

IdelCAH IchHUIdeHAIdelCHI Hsiit



5 Finding an integralbasis

Throughout L a number field n dim L

5 1Orders discriminants a sufficientcondition
5.1

Lemma L x for some X EGL
Proof
Know fromLemma3.31 every net is of the form a f with se G
and rc.TL L Q GL Hence if GL Z fan an then

Can xn Bythe proof of theprimitive element
theorem

can replace ten a by x 2 2 t ca z for c E Q away from

finitely many numbers Can thus
choose Ce I n 42 E GL

Inductively L a a cGc
0

So assume from now on that

L CH te Ge

Then ETD c Gc
Note ZED has E basis 1,2 I I dimzZ N n dimq.GL

Is IED GL Would be excellent

But not true in general see Exercise 4.2

How far away are we ByCor
4.11 GL ELI is finite

Let's look at this closer



5.2
Def An order in L is a subring G of L which is a finitelygenerated

2module and dimzG dim L Q Gl L

Obviously I T and G are orders

KELT is called theequationorder

Since an order G is a f g Z module G is inlegal over 2 byThin3.19

G e GL
GL is the maximalorder

Let P Rn be a E basis of G Then this is also a Q basisof L

and we have

de pro n R e E

byCor 3.34

If ya ten is anotherbasisof G then by 2.7

du Lte tn deKURduolPnPn
where U is thebase changematrix But UeGlenCII so

Iet U I 1 so

du ten in dualPr Pn
53

Def The discriminant wrt to one Chenceany basis of G is

called the discriminant of G denoted do
The discriminant Iq of themaximal order is also called the
discriminant of L denoted DL

O



54
Prop Let 6 cL be an order Then

do Gc 632dL

Proof Let A be thematrix ofG sGc in somebasesThen

by
DG deKAI'd

ByCor4.11 IdekA I Gc G
a

Cor 5 5 G Ge iff da de
Corsi If d is square free the G GG

Co If Izzy is square free then EEN Ge

72 Discriminantof an equationorder
Decall fromExercise 3.4 that Galoisconjugateofai

day da 4 r t Cai g I C it Effie ki f

L it ftp.cxjl C IT No pinch

There is away to compute thisjust from the
coefficientsof ya without

knowing the Galois conjugates
58

Def Lef R be a commutative ring Let

f Ioan i ki g ZIbn j ki C RED
with aobo to The resultant ReCf g is thedeterminant of the
Sylvester matrix



Go An

go an
sykt.gl bo bm

bo bn

5.9
emma If f e O g for some XER thenReschg 0

Droof we have n tm i

kn th 2

H

g X
g

Mugging in f x shows that SyKf g has non trivial kernel Iet SylCfg O
G

5to
Drop Let It be a field and

f aoII X al g i bo.fi X Pj
Ten PescegkafII.gkil aombof.IT Gi Pil
Droof Let RinKEK Y and let Res Y Res f g Y CKEY
whee plugging in an element yek for Y we set

Res y Res f g y e k

Lef fi gCailek Then Resch Res f g y
Now f g fi EVEN have a common zoo namely 4



flail O G pi ai gGil fi o

g diRes fi _0 by Lemma5.9

Yi is a zero of Desk c KEY

Y y divides Res Y Ki

III Y ri divides Best
Thes k has degree n and leading

coefficient C 1 aom

Resch CMain II CY ri aom IICri Y
Hence

Reset.gl Resto ai II ti 95 II8141 95IIbotKi Pj
aombon III Ki Pil e

5.12 Ican'tcount
Cor

dzyj duo.CH a t C y
2 pj xp

C IT 2Res Ya Yj
Ed



Ex et x be a root of f P X l
The f 3 1 and

I 0 I I O
0 I O l 1

SHHH
go to

Thes f f't Iet SyCf ft 23

sdisczag C 1
2 23 23

This is square free hence GL I 123 and I 1 a a23 is an

integralbasis
5.14

Ex Let VI

ByLemma2.42
date VI C VI 4D

This is not square free Nonetheless if D 2,3mod4 the

Gc 222 by Exercise 2.4

Unfortunately it is rarely the case that de is squarefree



5 3 Zassenhausapproach19677

Start with a known order 6 in L e.gtheequationorder5223

Recall that dg Gc 632dL

Write dg a
2 b with a be E bsquarefree

Let P p be the distinct primefactorsof a

Then Gc 63 IIPini Miami where a IIPini
515 mkx y c 6 x T

Def For me21903 let
Gm f x c Gc mkx c G farsome k 7 9 18Go he

This is called the m maximal overorderof 6 for thefollowingreasons
516

Lemma

a Gm is an order containing 6

b Gm G I mh and god Gc Gm 3 m L

Before we prove this not that far m pi

Gpu G is a powerof pi and pi K Gc Gp
Gpo removes the pie in Gc 63 Henceby the structure

theoremof f g abeliangroups 1hm 4.9

64g Gpi1g Pi torsionpartof646

We will seethat we ca iterativelyconstruct a generating set of

Gpi Putting all these togetherApi gives a generating

set of Gc Can thencompute a basis fromthis using HNF


