
 Lecture 9 25.4

Recall For Oem c 2 we defined

Gm f x c Gc mkx c G farsome k 7 9 18 c 6 he

Lemma5.16

al Gm is an order containing 6

b Gm G I mh and god Gc Gm3 m L

Proof of Lemma
Clearly 6 e Gm Show that Gm is a ring
Let x y eGm Ther mhe mly o G for some h L
MmaHh x g c G Xty e Gm
mukay e G xy GGm
SioGm a ring SinceGm a Gcby definition and Gc is a

f y Z moduleand I
noetherian Gun fg Z module

Gm an order
Let 4 x be a basis of Gm For each i ther is ki s t

m ki ai e G Let h max Ski mhL E G ki

mkGm e G e Gm

Gm G G mkGm Gm mkGm mkn

Suppose c god Gc Gm m 1 Then there is x c 6cLGm
CX CGm Mhcx c G be some k mkt ke G ee Gm Ya

dm

Nafowufhjs.ESdehg.w to obtainGp To thisend we first recall a few
bits



5 4Reviewofprimeidealsandradicals

R a commutativering

Lemma 5.17 For an ideal PER TFAE

a RIP is an integraldomain

b if x y c R s t Xy EP then Kap or yep
27

Theset of all primeideals is denotedby Spear
Remark5.18
a Maximal ideals are prime
b Idealsgeneratedby a prime element are prime
c For an ideal IER Spec PII f PEspe R I P z I
d lf ie R S is a ringmorphism then heinduces a map

SpecS Q

t I
Speak 6 Q

Def5.19 The radical of an ideal I ofR is

rad I KER I th c I for somenew
Lemma5.20

a If SER is a multiplicatively closedsubset 0 S Then for I an ideal

in R theset I IlR I Ins I has a maximalelement and this is a

primeidealofR
H X nilpotent ee NP

pcSpear

4 rad I N P In particular radCI is an ideal
P CSpecR
P z I



proof skippedbecauseeveryonesaidobvious

a Let M S I E R I I n5 03 Then Hell so M 0
If I e Iz e E is a chain in le tha U Ii c ill and this is anice

Upper bound It has a maximalelement P byZorn'slemma
Need toshowthat P is pine SupposeXyEPbutt.gePTha Ct P Cyp z p
Hencebynationalityof P Cxp nS yep

r x t p s r y t pl SI
for some S s c S Pp e R r r c R
Since S multiplicativelyclosed

S Sss e Cr et p ry't pD e r r ky t rxp t pry t pp e P f
Xcp or yep P prime

b Xh o fr some n X X Oo P x P or x c P inductively X P

ee MP
Suppose eR notnilpotent Consider S c9 4 I n cN1 By a there is

PespecR Pn 5 0 x EP

c Under T R i RI I rad It corresponds precisely to the nilpotent

elements in RE hence by b

it ad CID phespf.me

radCP AP
PepSpear2 I

a



5.5Primes in anorder 40
Back to an order G
Prop5.21
a For everyPeSpeeG PNTL p cSpeak onesays P lies over p

b Primesabove p SpecGlpG

c Evey non zero primeidealof G is already maximal
G is one dimensional

d For every pinenumber Pez there is at least one and there are
at most dim L

many primes
PESpec6 above p

Dicture fiberover2
I

SpecG
i

finInsectwith Z

co SpecTL
2 3 5 7

Proof
a P n 2 4 P cSpect where ie E G is the inclusion

b SpecYpg IDESpec61P2pG If P2P6 the Pn Zz pGnEzpz
Since Pn2 cSpecTLand p cSpecTLismaximal PNE pTL

Conversely if PnZ p n P z p G

c Let Pak a p TheGlp is a Ifp Fp module

generatedby n dim 6 dim L elements

dimpgp n c Gp is a finite dimensionalFp algebra



Moreover sincePpine Glp is an inlegaldomain
The Gyp is already a field because
claim If A is a finitedimensionalalgebra over a fieldK and A
is an integral domain the A is already a field
Proof Let Ota c A Themultiplication map A A X1 sax is a

vectorspace endomorphism It is injectivesince A is an integral

domain it is surjective Feet ax 1

P maximal
d pG G GfpG O has a maximal and thus a primeideal

64 G is a ZK Ep module of dimension E n din L in fact

By b all prime ideals of Gfp6 are maximal

Let Me Mr be distinct national idealsof 6

ByChineseRemainder
61ps X X4M

Surjective morphismof Idp Fp algebra
r e din

p
G n

a
Remark5.22 The proposition is just a special case ofthegeneral behaviorof
pines i integral ring extensions



5 6 The round 2 algorithm theory
Remember Thegoal is to find the p maximaloverorderGp for p2 Ido
GeneralizingThru 3.68
Lemma5.23
If 0 1 I e G is an idealthen I is a free Z moduleof dimension n
Proof
G is freeofdimension n bydefinition Since G Noetherian I is a
f g Z module obviouslytorsion free thusfreeby

Tbm3.66

Let Li an be a basisof G Let Ot x c I The Xdr XanC I

These are linearly independent dim I 7 n

Since I e G din I e din G n dim I n
L a

Prop5.24
et Ie 6 be an ideal Then G

IIIT f x c LI XIE I3
is an order in L containingG It is called the ringofmultipliersof I
D oof Since I is an ideal G e E Il I Let XYET II I The X I e I yIeI
hence xyI c I and letg I c I Xy Xty c LIT IT

I is a freeTLmoduleof rank n by Lemma5.23
m N G I is finite The N G e I N N I c I

en Ce

III KELI x I c I ES tell NEI e feel I x NEG

IN G this is a free TLmodule of the same dimension
as 6 in particular finitelygenerated

This implies that III is a fg E module II I is an order
a



Sef5.25
et pe Z be a primenumber The p radicalof 6 isLemma5.20

radp G rad pG MP IT P
PESpec6 PESpeeG
P aPG III up maximalby

Lemma521 thuspairwise
coprime

corollary5.26

mulp G radp 6 1radp G is an order containing 6 and

mulpG G pk for somehen In particular mulp
G is contained in Cop

the p maximal over
orderof G Td'm L

wecall mulp161 the p multiplierof6

roof first partfromProp5.24 For second part notethat if
hemulpG the X ratpG e radpGe G by definitionSince peradp6

p.muLp6 a G mulpG E f 6
Wehave

ph EFG G Ttp6 mulpd.fmp663 Emulp6 6 dindesp
n

Ei

Tsm5.27 p maximalitycriterion Gp G mulp6 6

ettorewe prove thisnotewhat this implies


