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Exercise 1. An idempotent in a ring A is an element e € A with e? = e. Show the
following:

(a) Ae ={ae|a € A} C Ais aring with the addition and multiplication from A. But
it is not a subring unless e = 1.

(b) 1 — e is an idempotent as well.

(c) As aring, A is isomorphic to the product Ae x A(1 —e).

Exercise 2 (Chinese Remainder Theorem). Let A be a ring and let Iy, ..., I,, be ideals
in A. Prove the following;:

(a) The quotient maps ¢; : A — A/I; taken together induce a ring morphism
n
p: A=A/
i=1
(b) ¢ is injective if and only if (', I; = 0.
(c) ¢ is surjective if and only if the I; are mutually coprime, i.e. I; + I; = A for all
i .

(d) If the I; are mutually coprime, then ¢ induces a ring isomorphism

Ay =T
i=1 i=1
Moreover,

n n
ﬂ I = H I .
=1 =1

Exercise 3. Let A be a ring. An element z € A is called nilpotent if there is n € N
with 2" = 0. Show the following;:

(a) If u € Ais a unit and x € A is nilpotent, then u + z is a unit.
(b) If z,y € A are nilpotent, so is = + y.
Exercise 4. (a) Let R be a ring. A polynomial
f=ro+mX+--+r,X" € R[X]

is a unit if and only if rg is a unit and all 1, ..., r, are nilpotent. Exercise [3| might
be helpful for this.

(b) Determine the units in Z[X].
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