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Exercise 1. Let R be a ring.

(a) Let A be a set and let A’ C A be a subset. There is a canonical R-algebra
isomorphism

R[(Xa)xea] = (R[(X2)rema]) [(Xn)aear] -

Comment: This is as easy as it looks.

(b) The ring R is an integral domain if and only if the polynomial ring R[X}, ..., X,]
in finitely many variables is an integral domain.

(c) The polynomial ring R[X] is a principal ideal domain if and only if R is a field.
Exercise 2. Let K be a field.
(a) The ideal (X,...,X,) is a prime ideal in K[X},...,X,] for each 1 < r < mn.

(b) Let p € K[X] and let ¢ : K[X;, X2] = K[X] be the morphism defined by X; — X
and Xy — p, i.e. o(f) = f(X,p). Show that ker p = (X2 — p(X1)) and conclude
that this is a prime ideal in K[X7, Xs].

(c) Show that (X1 4+ X9 — 1) C K[X1, X2 is a prime ideal.

Exercise 3. (a) A ring A has a unique maximal ideal if and only if A\ A* is an ideal
in A.

(b) Find an example of a ring as in (a), where A\ A* is not {0}, i.e. which is not a
field.

Exercise 4. (a) Any prime ideal P # 0 in a principal ideal domain is maximal.

(b) Let K be a field. Find a prime ideal in K[X,Y] which is not maximal. Do the
same for Z[X].



