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Recall groups and their representations :

representation, g: G→GUV) is the same information as a Gtnodule : Gx V→ V with the obvious properties .

rep G-mod_

g : G →GUV) - G x V-N
,
( g, Dhs g(g) (v)

g : G -s GUV) c- GeV→ V
,
(g, r) to gr

g ( g) ( r) : = gv

A G-module can be considered as an actual module over a ring : the grouping
Let k be our base fieldking .

Let KG be the K-algebra with basis f Eg l g EG } and multiplication :

Eg . Eh : = Egh .
Then

any
G - module V is naturally a KG -module : Egr

: -
- gu, and extend linearly . Conversely, any KG-module

is naturally a G -module .

~, can now apply ring and module theory to group representations !

You can do the same with a Lie algebra L .

Recall representation g :L -'glcH E L-module V.

Recall this means g( Evp) = [gu, gCyB , i.e. [xp acts as the commutator of the action of x and the action of y.
So
,
in a rep , the bracket is translated into the commutator in a ring .

←
i.e
.
associative

Can also upgrade this to a module over an honest ring .
But what's the ring ?

tens of a rector space V is TCH
:= TiV

j
Tir= V

,
with product tho .-End (Wroe ..-④Wm) =

i -times ( Vn ④ .. - ④ Vk ④Wn ④ .. . ⑦Wm)

So really , TLV) just consists of formal products of vectors of V with obvious linearity and product relation.

If you take a basis fkilieof V, then TLV) can be viewed as the non-commutativepia ring in the

variables Xi l

TLV) re Kai , ieI> Xi Xj f Xjti

In particular , we have IT4
.

Now
, just do the obvious :

TCL)
UCL) : = Ky-ye = Lays Feigel >

Then
, any L

-module V is naturally a UK )-module and vice versa !
UK) is the smallest (honest) algebra translating the bracket of L into a commutator in the sense that

we have a map i :L → Uk) with c-(Exp) = ice, icy l - icy icy , and if i
' :L → U

'
is any

other such

map then

[ in!
4

I

iii.
That's why we call Ucd the unig¥ of L.

If L is abelian
,
then NC4=741

Ay-ye = O ke, y c.↳
=
SU) = symmetric algebra of L

= (commutative) polynomial ring Viti lieI]
in a basis f xilieI of L



The (commutative) polynomial ring k Exit ie II has a nice vector space basis :
the monomials Xin Xia - - - -

Kim , in size . . . sim , men.

The PBWth asserts that the universal enveloping algebra UK) of in fact any Lie algebra has such

a nice basis ! The idea is the following . Note that

ITV1 = ⇒oticb

is a gradedatgebra : we have homogeneous components Tich and Tich TJ ( VI e Titi( V).

If I E. Tlr) is an ideal generated by homogeneous elements, then TCHII inherits the grading
and is a graded algebra. Problem , our

I=L Xy - ye -Tey] I x. gel > a TCL)

degth They 2 They 1
is not homogeneous. But you can still do the following , for any ideal I c- TCH.

First of all , we have
a filtration of TLV) :

E. ( Tcb) : = itich = to Tich , Any graded algebra
j Ei

↳ Fo CTU)) a- E ( TCH ) e . . .

exhausts all icy
.

is naturally filtered .

Even though TLVYI may not be graded, it is always filtered

Fi ( TMK ) = image of Fifths) in TLHII

""d

gr ( TMI) : = to
Filth"

fi
. .
(Tulle) is a graded algebra : the

associatedsraded.lt
I is homogeneous (so TCVHI is graded), then Take a gr(TcbII) naturally .

Now
,
lets consider UCL) = TUMI. Note :

Xy -ye = Eeg] in TLLHI The commutator moves downwards in the filtration

-
-

ECTKHI) c- FITCHII)

so
,

Xy =ye mod E (THI)

similarly for higher powers, soo gr (TCLYI) is commutative, so TCL ) -so g- (Ulu ) descends
to SCH F g-(UK) :

TCL ,
→

TMI= Uk,

↳
-

↳c,

Cuca,

symmetric algebra

PBW theorem says that w is also injective , thus an isomorphism
.

Why is this good ?



Because it implies that MLL) has a vector space basis like SLL) !

Namely, from the above diagram we obtain for each i the diagram

→
E. (UCD

i ↳
i

TK)-tuco,

logic, =
PBW

of vector space maps.
If We TiLL) is a subspace that maps is isomorphically onto SiCL) (e.g . space spanned by
ordered monomials ) , then from the

upper part of the diagram it follows that the image
of W in Fi ( ULLI ) must be a complement to Fi, (UCL) ) ( which is killed by
Ficek 't⇒ Film Fadness --sleeks) !

So : UCL) has a vector space basis of the form Xii . - Xin , i. e ... ⇐ em , me N, if { til is a basis of L .

In particular, the canonical map L →Uk) is inje

Universal enveloping algebras and PBW theorem allows res to prove existence of free Lie algebras.
A Lie algebra L is free on a set Xe L if any map of : X→ M into a Lie algebra
M extends uniquely to a Lie algebra morphism L →M :

L

U

"
-

e

,

→

x-D,u

For
any set

X such a thing exists: take the vector space V with basis X and

consider TCV) with the commutator as Lie bracket Let Le Tcr) be the Lie subalgebra
generated by X .

Let 0 :X→M be a map. This extends to a vector space map V-SM.

Composition with M -' UCM) yields V→ UCM ) . By property of tensor algebra, this induces
algebra morphism TC V) Is UCM )

. By PBW theorem
,
we have Me MCM)

. By construction,
of maps X to M , hence of restricts to a LL ie ) algebra morphism L → M , extending ol.

Important consequence .

Let L be
any
Lie algebra . Pick a set XEL of generators

Let Uk) be the fee Lie algebra on X
.

Then X -L extends to Uk) → L
.

This morphism is surjective
,
hence

↳
idea,
Z L

.

← relations among generators !

Brings us to the question : L semisimple , take as generators sh - triples on a base.
What are the relations ?


