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semisimple ⇒ L=L, Ot . . - Ot Lt with simple ideals Lt

.

Hence , any non - zero quotient is

semisimple
,

hence non - abelian⇒ since 42223 is abelian ⇒ 4543=0 ⇒ L = ELD
.
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Schudslemmai If V is an irreducible L- module

,
then every endomorphism f. V→V of L-modules

is already an isomorphism.

Moreover
, if F is algebraically closed

,
then Ende (VI - F.

nonzeroProof : Let f : V→V be a morphism.

Since kerf EV is a submodule and V is irreducible
,
must

have kerf = O. Similarly , Imf = V ⇒ f is an isomorphism .

If F is algebraically closed, f has an eigenvalue XEF. The map f - X. id is a morphism ↳V.

It is not an isomorphism (has non - trivial kernel ) , hence f -X - id = 0 by first part ⇒ f = X. id ,

a

Wegllstheorem
Key claim : Let V be a faithful L- module

. Suppose there is an irreducible submodule
W of V of codimension 1

.

Then V is completely reducible
.

Proof : The Casimir Operator c : = Cv of V is an L- module endomorphism on V.

Hence
,
Ker c is a submodule of V. We will show that V= W to Kera.

It is enough to show that Wn Ker -- O and Koc± O (since W of codimension L )
.

C : = C ✓

a
O-s w→ V→ Yw → 0

We know that Trc = dim L * O.

Hw is a 1- dimensional L - module .
Hence

,

L acts trivially on Yw.
Hence

,
also c acts

trivially on 4W by construction of c , so Tr (c on Yw ) = O. Since Trc to, must have
Tr (aw) to.

Since W is irreducible
,
c acts by a scalar on W .

This scalar must
be non - zero since Trcclw ) to.

Hence W n Kerc = O.
Moreover

,
Herc cannot be =D

since then c could not act trivially on Hw.

a


