
Laming , Apr 7,2022Ulrich Thiel

computational aspects of Calogero - Moser spaces

$1
.
Complex reflection groups t.de-vector space

I

A complex reflection group (crg ) is a finite subgroup We 6421 which is generated

by reflections
,
i. e. by elements sew sit

. codimzlkerlidz→ D= 1 .

-

fixed
space of s

A reflection representation of an (abstract) group W is a faithful representation

g
:
W→ GUY ) st

. gcw ) is a crg .

←
g
irred

.

The irreducible
cry were classified by Shephard-Todd ( 1954) :

* Sn in an irred
. refl . rep (

"

class G.
"

I

e- Cm in a faithful rep (
"

class G
,

"

)



y
wreath product

* Glm , p.nl : = a certain index- p normal subgroup of Sn 2cm in the natural rep

for m
,
n > 1-

,
plm ,

and (M
,
P
,
n) -1-(2/2,2). (

"

class Gz
"

)

t Gy
,
. . .

, Gzz (
"

exceptional groups
"

)

~> nice book on the classification by Lehrer -Taylor (2009)

My opinion : it is important not to forget about the exceptional groups : are we studying
"

only
"

combinatorics or really reflection symmetries in general ?

→ exceptionals often have to be dealt with case-by-case
→ the computer helps !

→Magma, CHAMP, OSCAR
←

Oscar
- computeralgebra .

de

[ github .com/uLthieL/champ



In Magma + CHAMP :

> ShephardTodd (4) i ← defined over%]
which one do you prefer ?

> Complex Reflection Group (4); ← defined over ①(G)

$2
.
Invariants

Z is a variety with coordinate ring ELZ
] = Sym (Rt) .

Let Gc GUY ) be finite .

The orbit space % has the structure of an

algebraic variety with coordinate ring EFk§ ( invariant ring) .

A minimal system of algebra generators of GEER is called a system of
fundamental invariants. ← not unique , but the multiset of degrees is independent of choice .



> W : -- ShephardTodd (4);
> Fundamental Invariants(W); ← defined over ITS] which one do

> W : -- ComplexReflectionGroup (4); you prefer ?

> Fundamental Invariants(W); ← defined over ① ! (no %)
→ paper by Michel -Marin (20101

Bourbaki, chevalley, Serre,
IShephard-Todd ←

i.e. fund
.
inv

.

Classical fact :
MIG is smooth ⇐ ①EKG is a polynomial ring

are alg . inder

⇒ GAM is a cry

> R : -
- Invariant Ring (W);

> Presentation (R );



-

§ 3.Calogero -Moser spaces
The cotangent bundle of Z is 1-+3=30+3 ?

Physics : 1-+2 is the phase space for the configuration space Z .

A mechanical system is defined by a
"

Hamiltonian (energy) function
"

on TM.

Key for deducing the Hamiltonian equations of motion is the symplectic structure
on TM : way , ✗1, Cy :X)) : = ✗Ky ) - ✗(y

' )

¥
Now

, suppose } has symmetries , given by a finite group GCGLCZ).
→ induced action GATT} .

I
could be debated

The phase space taking these symmetries into account should be

Xo :-#ZIG = Specify +03*39



Key problem : Xo is singular ( WAY 0+2
*

a spa 099 c- SLIM ②39
,
so no refls )

→ example of a symplectic singularity (→ Iain 's + Alastair 's courses)

> WD : = SymplecticDoubling (W);
> R : = InvariantRing (WD);
> I := Presentation (R);
> Xo : = SchemeCI);
> Is Singular (Xo ) ;

Two standard approaches to try to better understand Xo :

tight connection
deformations ←mm> resolutions
T I

keep 0+3*3Was E- vector space → lain +Alastair
but

"

deform
" the multiplication



Let's focus on deformations
.

We don't want random deformations : recall that we have u on Thy
,
and this

descends to a syrup. form on ¥7
compare : resolution vs

.

→ Should only consider deformations deforming w as well? symplectic resolution .

Problem : w lives on ✗54
,
not globally on ✗

o ,
so cannot directly deform this

.

syrup. basis

But : w induces a Poisson bracket globally on Elk ④35W via { ✗i,É=ÉÑÉy;},
{ Xiifj } =Dij . [ Lie bracket + Leibniz rule

→ Want to consider Poisson deformations of Xo .



Suppose from now on that G=Wc GUN is a cry .

Then all ( ! ) Poisson deformations of Xo can be constructed as follows
.

= group ring ÉN④Ñ%W as E- vs rational Cherednik algebra Cat 1- =D
with malt g.f = 9f§-

action of
gon f by Etingof -Ginzburg (20021

I
①Cloth Xi, X;] = 0=1-8i. Yj ]

Ho := City 0+9+3 ✗W IE> He := T
tensor alg .

Efi, Xj] = ICY

i.li/s-ds)-s-CWsc-Rek(w1Yc:RefKw)/w
→a

certain c-E

Edeformation parameter

Zo : =EM 0+3*5=2-(11-0)- Zoe : -- 2-(Hd

PBW theorem : Here EEh④Z*3W as E- vs. ~> He is a deformation of Ho
.

Moreover
, Xc :-. Spec Zoe is a Poisson deformation of ✗o Calogero -Moser spaced.



Recall :
①LZ ④Zt

,
X;] = 0 = Efi , Y;]

He := I
censor alg .

Efi, Xj] =[(Yi, Xi! - ds) -s c-①W

y
PBW basis

SEREKCW)

µ c- N
"

HeÉEZ ④35W means that He has a nice basis
, namely { ☒ YEW / uekyn , WEW }

→ using the relations, every element (
in particular the product of two elements

can be rewritten in PBW form
.

→ tell a computer to do this for us !
deformation parameter
c. Refkwllw→¢

One important point : we usually don't want to specify É a priori , rather work

generically .

→ Can more generally consider a E-algebra R and c : Reflcwllw →R

→He an R- algebra
,
Hank REY ⑧35W
←Polynomial ring

Generic algebra : R-i-C-c-slsc-R.tk%)
,
e. Refllwllw→ R , Sh Es , # : = He



→ CHAMP (20/5)

> A:-. RationalCherednihAlgebra (W, O : Type : =

"

EG
"

) ;
> H;

> A. 1 ;

> H
.

6
;

> It. 1 A -46 ;

> A.6 + A. 1 ;

> eu : = EulerElement (H);
> err;

> IsCentral(eu);



§ 4. Computing ✗a ( it. w .
Bonnafé)

consider the generic algebra It . Let Z : = 2-(E )
.

If he ¥
,
then h=¥whww in the PBW basis

, hw c- RIZ 0+2*3
.

Consider the map Trane : It→ RIZ +03*3
,
huh

1 .

Lemma : Truro induces an isomorphism 2-⇒ RIZ ⑤35W of (graded) B-modules.

What we did : found an algorithm to compute Trani '(f) for f c- RIZ 0+3*3?

I
basically an inductive
deformation procedure



> S : = W
'

SymplecticDoublingCoordinateAlgebra;
> f : = S

.
1*5.3 t 5.2*5.4;

> f^WD. 1 ;

> FWD . Zi

> ft : = Truncation Inverse(H , f)i
> Is Central flt) ;
> flt eq eu ;

Lemma : If ( fi )i=
, . . .
is a (minimal ) system of algebra generators of EEZ ④3*3?

←
over I

then (Trani ' (fit )i⇒
. ,r
is a (minimal) system of algebra generators of E.

over ①

Specializing c gives us a (minimal ) system of algebra
"

generators of za .



> SymplecticDoublingFundamental Invariants(w);
> CenterGenerators(H : UseDB : = false);

What we also did . found an algorithm to deform the relations of a presentation

of 2-0=51901-3+50 to a presentation of Z .

Specializing c gives us a presentation of Zc .

> 2-pres
-

- = Center Presentation ( H : UseDB : -
-false) ;



What's that all good for ?
→ many explicit results about questions in representation theory and birational geometry .

Here's a fun example
.

Calogero-Moser spaces have symplectic singularities .

Can we

"

identify
" them !

Theorem : Let W=G4 and c- ( % , 55 )
.

Then the origin of !
a

is the

unique singular point of Xc and (k
,

0) is equivalent to (6m! "¥cell
,
0)

.

[ can only happen for this c (up to scalars and reordering/ t closure of the minimal

nilpotent orbit.

Proof ( ! ) :

> Zeta :-. Root of Unity (3)i



> phi : = horn < BaseRing (A)→ Cydotomic Field (3) I Geta
,
Zeta's >;

> -18 ring
: = PolynomialRing ( Rationals )

, 8);

> Zcpres : = [ A8 ring ! ChangeRing ( f
,

phi ) : f in 2- pres] i

> -18 : = AffineSpace( 1-8 ring ) ;

> Zc : = Scheme( A8
, Zcpres );

> Zcsing : = SingularSubscheme (Za);

> Zcsing := ReducedSubscheme G- csing ) ;

> Zcsing : = Scheme(A8
,

Minimal Basis (Zcsing ) ) ;
> origin : = 2- c ! 10,0, 90,990,03 j

> cone : = Tangentcone ( Zc
, origin ) ;

> projcone : = Scheme (Proj ( -18 ring ), Minimal BasisGone ) );
> IsSingular( projcone) ;

,

> Dimension (TangentSpace (Zc
, origin 1)i ☒•←why?



¤5
.

and term indications of Xo

! ④hit> ✗ W has a E-grading ( deg 2! 1
, deg 9=-1

, degw -0)

→ He has E-grading → Za has E-grading → !
a

has !
✗
- action ( is conical) .

yet
- equiv

One can show : ! Eh] WEE-4*5 c Zc → finitemorphism K : !
a

→ 31W ✗ 94W

Only d- fixed point in Hw ✗ Hw is the origin → = Vi
'

( O) (finite set)

Let E.= { c : Refkwllw→IRI
,

N:-. max 1!9!1
,

and %!:= { cell 1!9!1 < N}
CEE

SO
, Ellen is where - fixed points are

"

generic
"

.



Key fact (Bellamy ) : Let it: Y→ Xo be a ! - factorial Lerminalization ( exists bei BCHM)

( keep in mind : Y smooth ⇐ IT is a orepart (⇐> symplectic ) resolution !)
Then f ~_ Pic(Y) !

z
R naturally as IR- rector spaces .

Let Mohit) be the cone of it- movable line bundles
.

This decomposes into the

ample cones of the various other ! - factorial TerminaliaLions of Xo
.

The codim - 1 faces of each of the ample cones generate a hyperplane
arrangement in E.

Theorem ( Bellamy -Schedler - T
.

+ Namikawa) : this arrangement = Ecm !!

With BonnafŽ: explicit algorithm to compute lcm ( based on rep theory of Ha ;

key is that we can compute generators of Ze ! )



"

ÖÖÖÖÖ.)→ allows us to count # of ! - factorial termination Lions of Xo (under action of the

> H : = RationalCherednihAlgebraLW
,
0) ;

> cm : = CalogeroMoser Families ( H : UseDB : = false) ;
> Keys Lcm);


